Formation Control of Nonholonomic Mobile Robots with
Omnidir ectional Visual Servoing and Motion Segmentation

Rere Vidal

Omid Shalernia

ShankarSastry

Departmenbf Electrical Engineering& ComputerSciences
University of California at Berkeley, Berkeley CA 94720-1772
f rvidal,omids,sastrg@eecs.berdey.edu

Abstract—We consider the problem of having a team of
nonholonomic mobile robots follow a desired leaderfollower
formation using omnidir ectional vision. By specifying the
desiredformation in the imageplane, we translate the control
probleminto a separatevisual servoing task for eachfollower.
We usearank constraint on the omnidir ectional optical o ws
acrossmultiple framesto estimatethe position and velocities
of the leadersin the image plane of eachfollower. We shav
that the direct feedback-linearization of the leaderfollower
dynamics suffers from degeneratecon gurations due to the
nonholonomic constraints of the robots and the nonlinearity
of the omnidir ectional projection model. We therefore design
a nonlinear tracking controller that avoids such degenerate
con gurations, while presewing the formation input-to-state
stability. Our control law naturally incorporates collision
avoidance by exploiting the geometry of omnidir ectional
cameras.We presentsimulations and experimentsevaluating
our omnidir ectional vision-basedformation control scheme.

I. INTRODUCTION

The problemof controlling a formation of groundand
aerial vehiclesis gaining signi cant importancein the
controlandroboticscommunitieghanksto applicationsn
air traf ¢ control, satelliteclustering,automatichighways,
and mobile robotics. Previous work in formation control
(seeSectionl-B for a brief review) assumeshat commu-
nication amongthe robotsis available and concentrates
on aspectsof the problem such as stability, controller
synthesisand feasibility.

In the absencef communicationthe formationcontrol
problembecomegyuite challengingfrom a sensingview-
point due to the needfor simultaneousestimationof the
motion of multiple moving objects.Das et al. [2] tackle
vision-basedormationcontrolwith feedback-linearization
by emplgying a clever choice of coordinatesn the con-
guration space.They mitigate sensing dif culties by
painting eachleaderof a different color, and then using
color trackingto detectandtrack the leaders.

A. Contributions of this paper

In this paper we presenta novel approachto vision-
basedormationcontrol of nonholonomiaobotsequipped
with centralpanoramiccamerasn which thedetectionand
trackingof the leaderds basedsolely on their motionson
the imageplane,asillustratedin Fig. 1.
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Fig. 1. Motion seggmentationfor two mobile robots basedon their
omnidirectionaloptical o ws.

Our approacltis to translatethe formationcontrol prob-
lem from the con guration spaceinto a separatevisual
senoing control task for each follower. In Section Il
we shov how to estimatethe position and velocities of
eachleaderin the image plane of the follower by using
a rank constrainton the central panoramicoptical ow
acrosamultiple frames.We alsoderive the leadeffollower
dynamicsin the image plane of the follower for a cali-
bratedcameraundegoingplanarmotion.In Sectionlll we
shaw that the direct feedback-linearizatiownf the leader
follower dynamicssuffers from degeneratecon gurations
dueto the nonholonomicconstraintsof the robotsandthe
nonlinearity of the central panoramicprojection model.
We thereforedesigna nonlineartracking controller that
avoids suchdegeneratecon gurations, while maintaining
the formation input-to-state stability. Our control law
naturally incorporatescollision avoidanceby exploiting
the geometryof centralpanoramiccamerasin SectionlV
we presentsimulations and experimentsvalidating our
omnidirectional vision-basedformation control scheme.
SectionV concludesthe paper

B. Previouswork

Swaroop et al. [10] proposedthe notion of string
stability for line formations and derived sufcient con-
ditions for a formationto be string stable.Pant et al. [7]
generalizedstring stability to formationsin a planarmesh,
throughthe conceptof meshstability. Tannneret al. [12]



concentratedn formationsin agyclic graphsand studied
the effect of feedbackand feedforward on the input-to-

statestability of the formation.Fax et al. [5] analyzedhe

stability of formationsin arbitrary graphsand proposecda

Nyquist-like stability criteriathat canbe derived from the

spectralpropertiesof the graphLaplacian.Egerstedtand
Hu [4] proposethe useof formation constraintfunctions
to decouplethe coordinationandtrackingproblemswhile

maintainingthe stability of the formation. Stipanwic et

al. [9] studiedthe designof decentralizeaontrollaws that
resultin stableformations,provided that the leaders de-
siredvelocity is known. Desaiet al. [3] proposeda graph-
theoretic approachfor coordinating transitions between
two formations.Taltuadaet al. [11] studiedthe conditions
underwhich a desiredformationis feasible,i.e. whether
it is possibleto designa trajectorythat both maintainsthe
formation and satis es the kinematic constraintsof the
robots.

Il. CENTRAL PANORAMIC FORMATION DYNAMICS
A. Centrl panoramic camea modeland its optical ow

Central panoramiccamerasare realizationsof omnidi-
rectionalvision systemghat combinea mirror anda lens
and have a unique effective focal point. Building on the
resultsof [6], we shaw in [8] thattheimage(x;y)T of a
3D pointgq= (X;Y;Z)T 2 R® obtainedby a calibrated
central panoramiccamerawith parameter 2 [0; 1] can
be modeledas a projectiononto the surface
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followed by orthographicprojectiononto the X Y plane,

as illustrated in Fig. 2. The compositionof thesetwo
projectionsgives:

z=1 (xy),
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Whenthe cameramovesin the X Y plane,its angular
and linear velocitiesare givenby = (0;0; ,)" 2 R3
andV = (Vx;V,;0)" 2 R3, respectiely. Relative to the
camerathe point q evolvesasq = g+ V. Thisinduces
amotionin the centralpanoramidmageplane,which can
be computedby differentiating(2) with respectto time.
We shaw in [8] that the optical ow (x;y)" inducedby
a central panoramiccameraundegoing a planar motion
( ;V) is givenby:

X y 11 x? Xy Wy .
- = + =
y x xy 1 y?2 Vv’ (3)
where = Z+ P X2+ Y2+ Z2is anunknavn scale
factorz=f (x;y) and , 2=(1+ z).
INotice that = 0 correspondsto perspectie projection, while

= 1 correspondgo paracatadioptrigrojection(parabolicmirror with
orthographiclens).

imageplane O ('

virtual retinaz = f (x;y) q= (X;Y;2)"

Fig. 2. Centralpanoramicprojectionmodel.

B. Central panoamic motion sggmentation

Considera centralpanoramiaccameraobservingk lead-
ers moving in the XY plane.We now describehow to
estimatethe imagepositionsof the leadersrom measure-
mentsof their optical o ws acrosamultiple frames.To this
end,let (x;;yi)", i = 1;:::;n, be a pixel in the zeroth

be its optical ow in framej = 1;:::; m relative to the
zeroth.From (3) we have x; y; = SiM;" where
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Thereforethe optical ow matrix W 2 R" 2™ associated
with a single leadersatis es
2 3
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where S = [S] SI ST 2 R" 5 denotesthe
structurematrix and M = [MJ MJ  M[T]T 2 R2M 5
denoteghe motion matrix. We concludethat, for a single
leadeffollower con guration moving in the XY plane,
the collection of central panoramicoptical ows across
multiple frameslies on a 5-dimensionakubspacef R?™ .

More generally the optical o w matrix associatedvith
k independentlymoving leaderscan be decomposeas:
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whereS 2 R" 5 andM 2 R?™ 5k |n practice,how-
ever, the optical ow matrix will not be block diagonal,
becausethe segmentationof the image measurementss
notknown, i.e. we do notknow which pixelscorrespondo
which leader We showved in [8] that one canrecover the
block diagonalstructureof W, hencethe seggmentation
of the image measurementshy looking at its leading
singular vector v. Since the entriesof v are equal for
pixels correspondingto the same leader and different
otherwise, one can determinewhich pixels correspond



to which leader by thresholdingv. We use the center
of gravity of eachgroup of pixels as the pixel position
for that leader Note that, in practice,there will be an

extra group of pixels correspondingo staticpointsin the

groundplane,whosemotion is simply the motion of the

cameralor aformationcontrol scenariowith few leaders,
we canalwaysidentify this group of pixels asthe largest
onein the image.Sincethis groupdoesnot correspondo

a leader we do not computeits centerof gravity.

C. Centrl panoramic leaderfollower dynamics
Considernow the following nonholonomickinematic

modelfor the dynamicsof eachleader™ andfollower f

Xi=vicosi; i=vsini =1 i=5f (6)

wherethe state(X;;Y;; i) 2 SE(2), and the inputs v,
and!; arethe linear and angularvelocities,respectiely.
Let Ti = (X;;Y;;0)7 2 R3. We shoved in [13] that the
relative angularand linear velocitiesof leader™ relative

to followerf, -+ 2 R%® andV¢ 2 R3, aregiven by:
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;13w 1) 2 R? s givenby:

Considernow a central panoramiccameramountedon-
board each follower. We assumethat the mounting is
such that the cameracoordinatesystem coincideswith
that of the follower, i.e. the optical centeris located at
(X;Y;Z) = 0in the follower frame and the optical axis
equalsthe Z axis. Therefore,we can replacethe above
expressiondfor ¢+ and V¢ in (3) to obtainthe optical
o w of a pixel associatedvith leader in theimageplane
of follower f as:
) , # " , #
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Sincez = f (x;y) and = Z=z, if we assumea ground
plane constraint,i.e. if we assumethatZ = Zgouna< 0
is known, thenwe canwrite the equationsof motion of a
pixel asthe drift-free control system

X
v - H (% y)ur + d (8)
whereus = (vi;!¢)T 2 R? is the control action for the
follower andd 2 R? canbe thoughtof asan external
input that dependson the stateand control action of the
leaderand the stateof the follower.

I1l. OMNIDIRECTIONAL VISUAL SERVOING

In this section,we designa control law us for each
follower to keepa desireddistancery andangle 4 from
eachleaderin theimageplane.Thatis, we assumehatwe
aregivena desiredpixel location(xq; yq) for eachleader

where(X4;Ya) = (ra cog q);rasin( a)).
A. Visual servoingby feedba&-linearization

Let us rst apply feedback-linearizatiomo the control
system(8) with output(x; y)T . We obserethatthesystem
hasa well de ned vectorrelative degreeof (1;1) for all
pixels (x; y) suchthatH (x; y) is of rank 2, i.e. whenever
x 6 0 andx® + y?> 6 1= 2. In this case,the relative
degreeof the systemis 1+ 1 = 2 thusthe zerodynamics
of the systemare trivially exponentiallyminimum phase.
Thereforethe control law

ki(x  Xq)
ka(y  Ya) ®)

resultsin a locally exponentially stable systemaround
(Xq;Yq) wheneerk; > 0 andk;, > 0.

Notice however that the control law (9) is unde ned
wheneer x = 0 or x? + y?> = 1= 2, The rst degenerate
con guration x = 0 arisesfrom the nonlinearity of the
centralpanoramigorojectionmodelandthe nonholonomic
constraintsof the robots.For instance considera (static)
point in the groundfor which x = 0. Thenthey compo-
nentof the ow y is zero.Sucha ow canbe generated
by purely translatingthe follower, or by purely rotating
the follower, or by an appropriate rotation-translation
combination.In other words, given the optical ow of
that pixel, we cannottell whetherthe follower is rotating
or translating.Notice also that, dueto the nonholonomic
constraintsof the robots,if x = 0 andy vyq 6 O,
thentherobotcannotinstantaneouslgompensatéheerror
sinceit cannottranslatealongits Y axis. On the other
hand,the seconddegeneratecon gurationx?+ y? = 1= 2
correspondgo the setof pixels on the outer circle of an
omnidirectionalimage.Thesepixels are projectionsof 3D
pointsatin nity , i.e. they correspondo thehorizonz = 0.
Therefore,the degeneratecon guration x? + y? = 1= 2
is not so critical from a control point of view, becauset
can be avoided by assuminga nite arena.We therefore

assumehatx? + y2  r2_ . < 1= 2, from now on.

ur = HEgy) b ody +

B. Visual servoingby nonlinearfeedba&

Although the control law (9) guaranteedocally that
(x(1);y(®) ' (xq;Yq) asymptotically this requiresthat
x(t) 6 O for all t andxy 6 0. Therefore,

a) onecannotspecifya desiredformationwith x4 = 0

b) evenif x4 6 O, thecontrollerwill saturatevhenthe

leadercrosseghe follower's Y axisatx = 0.
Sincethe latter caseis fairly commonin mostformation
con gurations, we now designa slightly different con-
troller that avoids this degenerag, while maintainingthe



input-to-statestability of the formation. We rst rewrite

the leadeffollower dynamicsin polar coordinates(r; )

so as to exploit the geometryof the central panoramic
camera.The d}{namicsbecome:

r (1 r?)cos( ) 0 v
sin( ) 1 I

r

+ é‘f , (10)

where8 istheexternalinputin polarcoordinatesRather
than exactly inverting the dynamicsasin (9), we usethe

pseudo-feedbacknearizing control law:
" #
(1cosr(2; 0 ki(r rq)

us =
sndeost) 1 kel a)

+ 8¢ (11)

With this controller, the closed-loopdynamicson the

trackingerrorse, = r rq ande = 4 become:
e _  kicod( )e sin®() 0 o .
e - Ky e o o8 (12

Therefore, (t) ! 4 asymptoticallywhenk,; > 0. On
the other hand, after solving the rst order differential
equationfor the error e, we obtain:

z t
e(t) = e(to)exp ki cog( ()d +
z t - z t

, sin’( ()di( )exp ki
whered, is ther componentof d+; . A straightforvard
calculation shawvs that jd, (t)j v-@j=Z + j! ().
Thus,if ky > 0, (t) 6 =2 from somet on, and
the leadervelocities(v-;! -) areuniformly boundedthen
the formation is input-to-statestable (ISS¥. Now, since

(1) = qte (to)exp( ko(t to)),theformationis ISS
exceptwhen 4 = =2 ande (tp) = 0. Furthermore,
if the leadervelocitiesare constantsois the steady-state
trackingerror Onemay overcomethis error by addingan
integral term to the controller (11).

Remark3.1: Notice that the controller (11) is discon-
tinuousate = dueto the identi cation of S' with
R, togetherwith the fact that the seemingly continu-
ous feedbackterm k,e doesnot respectthe underlying
topology of S*. One could use smoothfeedbackinstead,
e.g. ko sin( ), at the cost of a spuriouscritical point at

. Sincethe topology of the annulusdictatesthat such
spuriouscritical points are inevitable for smoothvector
elds, we prefer the discontinuouscontroller (11) at the
bene t of greaterperformance.

co?( ()d d

C. Estimationof the feedforwad term

In order to implement either controller (9) or con-
troller (11), we needto feedforwardthe unknavn external
inputdy 2 R2. Although this term is a function of the

23ee[12] for the de nition of formationinput-to-statestability.

stateandcontrolof the leaderandthe stateof thefollower,

we do not needto measurary of thesequantitiesInstead,
we only needto estimatethe two-dimensionalvectord ¢ ,

which can be easily done from the output of the motion
segmentatioralgorithmdevelopedin Sectionll-B. To this
end,let (Xw; yw) and(xy;Yw) bethe positionandoptical
o w of a pixel thatcorrespondso a static3D pointin the
world suchthat x,, 6 0. From (8)%, the velocities of the
follower causingthat optical o w are given by*:

X

ur = H(Xwiyw) * o (13)
Now let (x-;y:) and (x:;y:) be the position and optical
ow of a pixel that correspondg¢o a 3D point on leader
*. From (8), the external disturbancecanbe estimatedas:

dy = 0 HCy)Hewiw) P2 (14)

D. Collision avoidance

Although the control law (9) guaranteesocal stability
of theleaderfollowerformation,it doesnot guarante¢hat
the follower will not run into the leader For example,
imaginethatthe follower is initially in front of the leader
andthatthe desiredformationis with the follower behind
theleader Sincethe closed-loopdynamicsarelinearin the
error (X Xq;Y Va), the follower will apply a negative
linear speedandwill mostlikely run into the leader

Thanksto the geometryof central panoramiccameras,
collisions can be avoided by ensuringthat the leader
stays far enough away from the center of the image.
Effectively, our choiceof imagecoordinategr; ) for the
controller (11) revealsthe safecon gurationsasa simple
constrainton r, namelyr min I rI'max. Furthermore,
the control law (11) is the gradientof a potentialfunction

ki(r  rg)?+ ko( a)? .
> ;
which pointstrans\erselyaway from the safetyboundary
and has a unique minimum at (rq; 4) (assumingryq >
I'min )- FOllowing Cowvanetal. [1], onecanmodify V(r; )
to yield a proper navigation function whose associated
controllerguaranteesollision avoidance.

V(r; )= (15)

IV. EXPERIMENTAL RESULTS

We tested our sggmentationalgorithm in a real se-
guence.Fig. 1(a) shovs one out of 200 frames taken
by a paracatadioptriccamera( = 1) observingtwo
moving robots. Fig. 1(b) shows the results of applying
the sggmentationalgorithmin Sectionll-B. The sequence
is correctly sggmentedinto two independenmotions.

SNotice that the secondterm in (8) is zeroin this case,becausehe
pointin 3D spaceis static,i.e. (v;;!|) = (0;0).

4Notice thatin the presencef noiseonemay improve the estimation
of u; in (13) by using more than one pixel and solving the equations
in aleastsquaressense.
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Fig. 3. Omnidirectionalvision-basedormation control scheme.

We testedour omnidirectionalvision-basedformation
controlschemgseeFig. 3) by having threenonholonomic
robots start in a V-Formation aﬁq then follow a Line-
Formation with (rq; ¢) = (1= 2;0), as illustratedin
Fig. 4. Since 4 = 0, we chooseto use controller (9)
in polar coodinateswith the parameters = 1, k; = 2:5
andk, = 1:76. Fig. 5 shaws the simulationresults.For
t 2 [0;29] the leadermoveswith v- = O:;5and!- = 0
and the followers move from the initial con guration to
the desiredone. Notice how the followers automatically
avoid collision dueto Followerltrying to movein between
Follower2 and the leader For t 2 [29;36] the leader
changedts angularvelocity to w- = 1, thusmoving in a
circle. Follower1 startsrotating to the right to follow the
leader but soonrealizesthatthe leaderis comingtowards
it, andhenceit backsupto avoid collision.Fort 2 [36; 55]
the leaderchangests angularvelocity to w- = 0, andthe
followers are able to returnto the desiredformation. For
t 2 [55; 60] the leaderturnsatw: = 0:5 andthe followers
areableto keeptheformation.Fort 2 [60; 100]theleader
turnsatw- = 0:1 andthefollowersmaintainthe formation
into a line and a circle.

V. CONCLUSIONS AND FUTURE WORK

We have presenteda novel approachto formation
control of nonholonomicmobile robots equippedwith
central panoramiccameras.Our approachuses motion
segmentationtechniquesto estimateof the position and
velocitiesof eachleader and omnidirectionalvisual ser
voing for tracking and collision avoidance.We showved
that direct feedback-linearizatiorof the leaderfollower
dynamicsleadsto asymptotictracking, but suffers from
degeneratecon gurations. We then presentecda nonlinear
controllerthatavoids singularities but canonly guarantee
input-to-statestability of the formation.

Futurework will include combiningthe two controllers
presentedn this paperin a hybrid theoreticformulation
that allows the design of a feedbackcontrol law that
avoids singularitiesand guaranteesasymptotictracking.
We would also like to explore the designof alternatve
control laws that do not useoptical o w estimatedn the
computationof the feedforward term. We also plan to
implementour formation control schemeon the Berkeley
testbed of unmannedyroundand aerial vehicles.
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Fig. 4. Formationcon gurations.

VI. ACKNOWLEDGMENTS

We thankDr. Noah Cowan for his insightful comments
on the preparatiorof the nal manuscriptWe alsothank
the supportof ONR grantN00014-00-1-062.

VII. REFERENCES

[1] N. Cowan, J. Weingarten,and D. Koditschek. Visual
senoing via navigation functions. IEEE Transactionson
Roboticsand Automation 18(4):521-5332002.

[2] A. Das, R. Fierro, V. Kumat J. Ostrawnski, J. Spletzer
and C. Taylor. A framework for vision basedformation
control. IEEE Transactionson Roboticsand Automation
18(5):813-8252002.

[3] J.Desai,J. Otrowski, andV. Kumar Modeling andcontrol
of formationsof nonholonomicrobots. IEEE Transactions
on Roboticsand Automation 17(6):905-9082001.

[4] M. EgerstedandX. Hu. Formationconstrainednulti-agent
control. IEEE Transactionson Roboticsand Automation
17(6):947-9512001.

[5] A. FaxandR. Murray. Graphlaplaciansand stabilization
of vehicle formations. In International Fedeation of
AutomaticContmol World Congless 2002.

[6] C. Geyer andK. Daniilidis. A unifying theory for central
panoramicsystemsandpracticalimplications.Iln European
Confeenceon Computer\Vision, pages445-461,2000.

[7] A. Pant,P. Seilet T. Koo, andK. Hedrick. Mesh stability
of unmannedaerial vehicle clusters.In AmericanControl
Confeence pages62-68,2001.

[8] O.Shalernia,R. Vidal,andS. Sastry Multibody motiones-
timation andseggmentatiorfrom multiple centralpanoramic
views. In IEEE ICRA 2003.

[9] D. Stipanwic, G. Inalhan,R. Teo, and C. Tomlin. De-
centralizedoverlapingcontrol of a formationof unmanned
aerial vehicles. In IEEE Confeence on Decision and
Contmol, pages2829-28352002.

[10] D. Swaroopand J. Hedrick. String stability of intercon-
nectedsystems.|EEE Transactionson Automatic Control,
41:349-357,1996.

[11] P. Takuada,G. Pappas,andP. Lima. Feasibleformations
of multi-agentsystems.In AmericanContol Confeence
pagess56—61,2001.

[12] H. TannerV. Kumar andG. PappasTheeffectof feedback
and feedforvard on formationISS. In IEEE ICRA pages
3448-34532002.

[13] R. Vidal, O. Shalernia, and S. Sastry Omnidirectional
vision-basedormationcontrol. In Fortieth AnnualAllerton
Confeence on Communication,Control and Computing
pagesl625-16342002.



=0 =5 Leader and followers trajectories

T T T T T T T T T T T 6 T T T
3
2 \
| | @
0 =D .
o ' -
1
E}
2
4 ; i ; ; H B
3 1 o T 2 3 3 1 2 3 3 s [
=8 =20
9 ]
1
1 H 1
Leader N
o Follower 1
of 4 — Follower 2
-8 Il I I I I I I
0 5 10 15 20 25 30 35 40
a 4t Follower to Leader Distance in pixels
1 T T T T T T T
Follower 1
Follower 2
2 2
T 2 3 3 s s 7 7 s 9 10 e 12 1
=20 22
T T T T T T T T T T T T T 09l 4
3 ]
2
1 ]
. ' 0.8 e
0
0.7 —
1 1 1
2
12 13 14 15 16 17 18 12 13 14 15 16 17 0.6 -
=34 5
5 T : T T r T 3 T T T T T T T
0
1 i H i 1 0.5 L L L L L 1 I I I
* 0 10 20 30 40 50 60 70 80 90 100

& Follower to Leader Angle in degrees
of f {2 f 1 80 T T T T T T T
Follower 1
D v

.40 4

8 4
-80 I I I I I I I I I
22 2 24 25 2 27 26 27 28 29 20 a1 32 £ 0 10 20 30 40 50 60 70 80 90 100

Fig. 5. Simulationresultsfor a Line-Formation.For t 2 [0; 10] the followers move from their initial V-Formationto the desiredLine-Formation,while
avoiding a collision due to Followerl moving in betweenFollower2 and the leader The leaderabruptly rotatesfor t 2 [29; 36], but the followers are
able to both avoid collision and later returnto the desiredline. For t > 36, they maintaintheir formationinto a line, circle, line and a circle. Notice
thatit is not possibleto maintainzero angularerror during circular motion, becauseof the nonholonomickinematicconstraintsof the robots.



