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Abstract

We presenta novel algorithmfor optimallysegmentingdy-
namic scenescontainingmultiple rigidly moving objects.
We castthemotionsegmentationproblemasa constrained
nonlinearleastsquaresproblemwhich minimizestherepro-
jectionerror subjectto all multibodyepipolar constraints.
By converting this constrained problem into an uncon-
strainedone, weobtainan objectivefunctionthat depends
on themotionparameters only (fundamentalmatrices),but
is independenton the segmentationof the image features.
Therefore, our algorithm doesnot iterate betweenfeature
segmentationandsinglebodymotionestimation.Instead,it
usesstandard nonlinearoptimizationtechniquesto simulta-
neouslyrecoverall thefundamentalmatrices,withoutprior
segmentation.We testour approach ona real sequence.

1. Intr oduction
Segmentationof dynamicscenesrefersto the problemof
simultaneouslyestimatingthe motion of multiple rigidly
moving objectsfrom themeasurementscollectedby astatic
or moving camera.This is a challengingproblemin visual
motion analysis,becauseit requiresthe simultaneousesti-
mationof an unknown numberof motion models,without
knowing whichmeasurementscorrespondto whichmodel.

Priorwork onmotionsegmentationsubdividestheprob-
lem in two stages:feature segmentationand single body
motionestimation. In the �rst stage,imagemeasurements
correspondingto the samemotion model are groupedto-
getherusingvariousclusteringalgorithms,e.g.,K-means.
In the secondstage,a differentmotion modelis estimated
from themeasurementscorrespondingto eachgroup.

This two-stage approachto motion segmentation is
clearly not optimal in the presenceof noise. In order to
obtain an optimal segmentation,probabilisticapproaches
modelthesceneasamixtureof motionmodelsin whichthe
measurementsarecorruptedwith noise,e.g.,zero-meanand
Gaussian.Themembershipof thedatais alsomodeledwith
aprobabilitydistributionby usingtheso-calledmixing pro-
portions.Unfortunately, thesimultaneousmaximumlikeli-
hoodestimationof both mixture andmotionparametersis
in generala hardproblem. Therefore,mostof theexisting

� We thankDrs. Y. Ma andC. Geyer for their comments.Work funded
by grantsONRN00014-00-1-0621andDARPA F33615-98-C-3614.

methodssolve the problemin two stages.One �rst com-
putestheexpectedvalueof themixing proportionsgivena
prioronthemotionparametersandthenmaximizesthelike-
lihoodof themotionparametersgivenaprior on thegroup-
ing of thedata.This is usuallydonein aniterative manner
usingtheExpectationMaximization(EM) algorithm.

Oneof the main reasonsfor usingeitherof thesetwo-
stageapproaches(iterativeor not) is thattheproblemof es-
timatinga singlemotionmodelfrom imagemeasurements
is reasonablywell understood,both from a geometricand
from anoptimizationpoint of view. For example,it is well
known thattwo viewsof ascenearerelatedby theso-called
epipolarconstraintand that multiple views are relatedby
theso-calledmultilinearconstraints.Theseconstraintscan
be naturallyusedto estimatethe motion parametersusing
linear techniques,such as the eight-point algorithm and
its generalizations.In the presenceof noise,many opti-
malnonlinearalgorithmsfor singlebodymotionestimation
havebeenproposed.For example,see[8, 12,14, 18] for the
discretecaseand[10] for thedifferentialcase.

The two-view geometryof multiple moving objectsis,
on theotherhand,not aswell understood.In fact, the �rst
generalizationsof theeight-pointalgorithmto multiplemo-
tionswerenotknown until veryrecently[20,16]. Thework
of [16] showedthatit is possibleto simultaneouslyrecover
multiplemotionmodels,withoutpreviouslysegmentingthe
imagemeasurements.The key is to usea geometriccon-
straintthat is satis�ed by all the measurements,regardless
of thegroupto which they belong,theso-calledmultibody
epipolar constraint. The numberof moving objectsn can
be obtainedfrom a rank constrainton the measurements,
andmultiple fundamentalmatricescanbe simultaneously
recoveredusinganovel polynomialfactorizationtechnique.
The solutioncanbe computedin polynomial time, and is
closedform if andonly if n � 4. Similar techniquescanbe
usedfor directmotionsegmentationfrom imageintensities
by usingtheso-calledmultibodyaf�ne constraint [17].

Unfortunately, thesealgebraicgeometrictechniquesare
moresensitive to noisethanthe eight-pointalgorithm,be-
causein orderto obtaina linearsolutionthey useanover-
parameterizedrepresentationof the motion parametersvia
theso-calledmultibodyfundamentalmatrix. Althoughone
coulduseaminimal representationby minimizing theerror
de�ned by the algebraicconstraints,we will show in this
paperthatthis is notoptimalin thepresenceof noise.



1.1. Contrib utions of this paper
In this paper, we presenta novel approachto 3-D motion
segmentationthat is optimal in the presenceof noiseand
doesnot iteratebetweenfeaturesegmentationand single
body motion estimation. In Section3 we show that one
caneliminatethe featuresegmentationstageby using the
multibodyepipolarconstraint,which is by de�nition inde-
pendenton the segmentationof the imagemeasurements.
In Section4 we show that using this algebraicconstraint
astheobjectivefunctionis not optimal. Therefore,we cast
the motion segmentationproblemasa constrainednonlin-
earleastsquaresproblemwhichminimizesthereprojection
errorsubjectto all multibodyepipolarconstraints.By con-
vertingthisconstrainedprobleminto anunconstrainedone,
we obtainanobjective functionthatdependson themotion
parametersonly (fundamentalmatrices)andis independent
on the segmentationof the imagedata. We thenusestan-
dard nonlinearoptimizationtechniquesto simultaneously
recover all the fundamentalmatrices,without prior feature
segmentation.In Section5 we evaluatetheperformanceof
thealgorithmwith respectto thenumberof motionsandthe
amountof noise. We also test the proposedapproachby
segmentinga realsequence.Section6 concludesthepaper.

1.2. Previouswork
Geometricapproachesto 3-D motion estimationand seg-
mentationbasedon 2-D imageryinclude: multiple points
moving linearly with constantspeed[4, 9] or in a pen-
cil of planes[11], multiple moving objects seenby an
orthographiccamera[1, 6], self-calibrationfrom multi-
ple motions [3, 5], reconstructionof multiple translating
planes[19], and segmentationof two rigid motionsfrom
two perspectiveviews [20].

Probabilistic approachesto 3-D motion segmentation
modelthesceneasa mixtureof probabilisticmodels.The
numberof modelsis estimatedusingmodelselectiontech-
niques[13, 7], andthe motion modelsareestimatedusing
an iterative processthat alternatesbetweensegmentation
andmotionestimates[13, 2] using,e.g.,theEM algorithm.

2. Multibody Structur e fr om Motion
We considertwo imagesof a scenecontaininganunknown
numbern of independentlyandrigidly moving objects.We
describethe motion of eachobject relative to the cam-
era betweenthe two frameswith the rank-2 fundamental
matrix Fi 2 R3� 3 associatedwith the motion of object
i = 1; : : : ; n. We assumethat the motionsof the objects
aresuchthat all the fundamentalmatricesaredistinct and
different from zero,andhencethe relative translationbe-
tweenthetwo imageframesis non-zero.

Theprojectionof a point qj 2 R3 ontotheimageframe
I k is denotedasx j

k 2 P2, for j = 1; : : : ; N andk = 1; 2.

In orderto avoid degeneratecases,we will assumethat the
imagepointsf x j

k g correspondto 3-D pointsf qj g in general
con�guration in R3, i.e. they do not all lie in any critical
surface,for example.Wewill dropthesuperscriptwhenwe
referto agenericimagepair (x 1; x 2). Also, wewill always
usethe homogeneousrepresentationx = [x; y; z]T 2 R3

to referto anarbitraryimagepoint in P2.
We de�ne themultibodystructure frommotionproblem

asfollows:

Problem1 (Multibody structure fr om motion problem)
Given a set of image pairs f (x j

1; x j
2)gN

j =1 corresponding
to an unknown number of independentlyand rigidly
movingobjectsthatsatisfytheassumptionsabove, estimate
the number of independentmotions n, the fundamental
matricesf Fi gn

i =1 , andthesegmentationof theimagepairs,
i.e. theobjectto which each imagepair belongs.

3. Multibody Epipolar Geometry
In this section,we describethetwo-view geometryof mul-
tiple moving objects.We introducethemultibodyepipolar
constraintandthemultibodyfundamentalmatrix,andshow
how they canbeusedto estimatethenumberof independent
motionsandtheindividual fundamentalmatricesin theab-
senceof noisein theimagemeasurements.

3.1. The multibody epipolar constraint
Let (x 1; x 2) be an arbitrary imagepair correspondingto
any motion. Then, thereexists a fundamentalmatrix F i

suchthattheepipolarconstraintx T
2 Fi x 1 = 0 holds.Thus,

regardlessof the object to which the imagepair belongs,
thefollowing constraintmustbesatis�edby thenumberof
independentmotionsn, the relative motionsof theobjects
f Fi gn

i =1 andtheimagepair (x 1; x 2)

E(x 1; x 2) :=
nY

i =1

�
x T

2 Fi x 1
�

= 0: (1)

We call this constraintthe multibodyepipolar constraint,
sinceit is a naturalgeneralizationof theepipolarconstraint
valid for n = 1 to thecaseof multiplemotions.

3.2. The multibody fundamental matrix
ThemultibodyepipolarconstraintconvertsProblem1 into
oneof solvingfor thenumberof independentmotionsn and
thefundamentalmatricesf F i gn

i =1 from thenonlinearequa-
tion (1). This nonlinearconstraintde�nes a homogeneous
polynomialof degreen in eitherx 1 or x 2. For example,
if we let x 1 = [x1; y1; z1]T , thenequation(1) viewedasa
functionof x 1 canbewrittenasa linearcombinationof the



following monomialsf xn
1 ; xn � 1

1 y1; xn � 1
1 z1; : : : ; zn

1 g. It is
readilyseenthattherearea totalof

M n
:= (n + 1)(n + 2)=2 (2)

differentmonomials.Thus,if we usetheVeronesemapof
degreen, � n : P2 ! PM n � 1, to map [x1; y1; z1]T to all
its monomialsof degreen [xn

1 ; xn � 1
1 y1; xn � 1

1 z1; : : : ; zn
1 ]T ,

thenwecanrewrite themultibodyepipolarconstraint(1) in
bilinearform as(see[16] for theproof)

� n (x 2)T F � n (x 1) = 0; (3)

where F 2 RM n � M n is a matrix representationof the
symmetrictensorproductof all the fundamentalmatrices
f Fi gn

i =1 . We call the matrix F the multibodyfundamen-
tal matrix sinceit is a naturalgeneralizationof the funda-
mentalmatrix to thecaseof multiplemoving objects.Since
equation(3) resemblesthebilinearform of theepipolarcon-
straintfor a singlerigid bodymotion,we will refer to both
equations(1) and(3) asthemultibodyepipolarconstraint.

3.3. Estimating the number of motions n and
the multibody fundamental matrix F

Sincethe multibody epipolarconstraint(3) is linear in F ,
wecanrewrite it as(� n (x 2) 
 � n (x 1))T f = 0, wheref 2
RM 2

n is thestackof thecolumnsof F and
 representsthe
Kronecker product.Therefore,givena collectionof image
pairsf (x j

1; x j
2)gN

j =1 , thevectorf satis�es

L n f = 0; (4)

where the j th row of L n 2 RN � M 2
n equals(� n (x j

2) 

� n (x j

1))T , for j = 1; : : : ; N . In order to determinef
uniquely(up to ascalefactor)from (4), wemusthave that

rank(L n ) = M 2
n � 1: (5)

This rank constrainton L n providesan effective criterion
to determinethe numberof independentmotionsn from
the given imagepairs. Let L i 2 RN � M 2

i be the matrix
in (4), but computedwith the Veronesemap � i of degree
i � 1. We showed in [16] that if N � M 2

n � 1 pointsin
generalcon�guration in 3-D aregivenandat least8 points
correspondto eachmotion, thenrank(L i ) = M i if i < n,
rank(L i ) = M i � 1 if i = n andrank(L i ) < M i � 1 if
i > n. Therefore,thenumberof independentmotionsn is
givenby

n := minf i : rank(L i ) = M 2
i � 1g: (6)

Givenn, we canlinearly solve for themultibodyfunda-
mentalmatrixF from (4). Noticethattheminimumnumber
of imagepairsneededis N � M 2

n � 1, which grows in the
orderof O(n4) for largen. However, thereareonly O(n)
unknownsin then fundamentalmatricesf F i gn

i =1 .

3.4. Estimating the fundamental matrices
GiventhemultibodyfundamentalmatrixF andthenumber
of independentmotionsn, the restof theproblemis to re-
cover themotionparameters(or fundamentalmatrices)and
thesegmentationof theimagepoints.Mathematically, this
is equivalentto factoringthemultibodyepipolarconstraint
into theproductof n bilinearforms,i.e.

� n (x 2)T F � n (x 1) =
nY

i =1

(x T
2 Fi x 1): (7)

In [16] we showed how to solve this problem from
the epipolesof eachfundamentalmatrix and the epipolar
lines associatedwith eachimagepoint. The estimationof
epipolesandepipolarlinesis basedonthefactorizationof a
givenhomogeneouspolynomialof degreen in 3 variables
with realcoef�cients into n distinctpolynomialsof degree
1 alsowith real coef�cients. We showed thatsucha prob-
lemcanbesolvedin polynomialtimeusinglinearalgebraic
techniques.Oncethe epipolesandthe epipolarlines have
beenestimated,the estimationof individual fundamental
matricesbecomesa simplelinear problemfrom which the
segmentationof theimagepointsis automaticallyobtained.

Since this algorithm naturally generalizesthe well-
known eight-pointalgorithm to multiple moving objects,
wewill referto it asthemultibodylinear algorithm.

Remark 1 (Pure translation case) When all the objects
undergo a purely translationalmotion,onecandirectlyre-
cover the translationof each objectrelativeto the camera
byapplyingthesamepolynomialfactorizationalgorithmto
theknownepipolarlines,asdescribedin [15].

Remark 2 (Segmentingtranslational and af�ne motions)
A similar factorizationtechniquecanbeusedfor segment-
ing a dynamicscenedirectly from image intensitiesrather
thanfromfeature points.Thecaseof translationalmotions
is equivalentto factoringthemultibodyconstantbrightness
constraint [15] andthecaseof af�ne motionsis equivalent
to factoringthemultibodyaf�ne constraint [17].

4. Optimal 3-D Motion Segmentation
The multibody linear algorithmprovidesan algebraicge-
ometric solution to the problem of estimatinga collec-
tion of fundamentalmatricesf F i gn

i =1 from image pairs
f (x j

1; x j
2)gN

j =1 . In essence,the algorithmsolvesthe setof

nonlinearequations
Q n

i =1 (x j T
2 Fi x

j
1) = 0, j = 1; : : : ; N ,

in a “linear” fashionby embeddingthe imagepairs into a
higher-dimensionalspacevia theVeronesemap.

However, themultibodylinearalgorithmprovidesa lin-
ear solution at the cost of neglecting the internal nonlin-
earstructureof the multibody fundamentalmatrix F . For
example, the algorithm solves for M 2

n � 1 unknowns in
F 2 RM n � M n from equation(4), even thoughthereare



only 8n unknowns in the fundamentalmatricesf F i gn
i =1

(5n in thecalibratedcase).In practice,solvingfor anover-
parameterizedrepresentationof themultibodyfundamental
matrixcanbeverysensitive in thepresenceof noise.

One way of resolving this problem is to replacethe
multibody linear algorithm by the nonlinearleastsquares
problem

min
F1 ;:::;F n

NX

j =1

(� n (x j
2)TF � n (x j

1))2 =
NX

j =1

nY

i =1

(x j T
2 F T

i x j
1)2: (8)

Minimizing this algebraicerror in factprovidesa morero-
bustestimateof thefundamentalmatrices,becauseit usesa
minimal representationof theunknowns. However, theso-
lution to this optimizationproblemis not optimal,because
thealgebraicerrorin (8) doesnotcoincidewith thenegative
log-likelihoodof thedatagiventheparameters.

In this section,we derive anoptimalalgorithmfor esti-
matingthe fundamentalmatriceswhenthe imagepairsare
corruptedwith i.i.d. zero-meanGaussiannoise. We show
that the optimal solutioncanbe obtainedby minimizing a
function similar to the algebraicerror in (8), but properly
normalized.We castthe motion segmentationproblemas
a constrainednonlinearleastsquaresproblemwhich min-
imizes the reprojectionerror subjectto all the multibody
epipolar constraints. Since the multibody epipolar con-
straintis satis�edby all imagepairs,irrespectiveof theseg-
mentation,we do not needto modelthemembershipof the
imagepairswith a probability distribution. Hence,we do
notneedto iteratebetweenfeaturesegmentationandsingle
bodymotionestimation,asin EM-like techniques.In fact,
thesegmentation(E step)is algebraically eliminatedby the
multibody epipolarconstraint,which leadsto an objective
functionthatdependsonly on themotionparameters.

Let f (x j
1; x j

2)gN
j =1 be the given collectionof noisy im-

agepairs.Wewould liketo �nd acollectionof fundamental
matricesf Fi gn

i =1 suchthatthecorrespondingnoisefreeim-
agepairsf ( ~x j

1; ~x j
2)gN

j =1 satisfythemultibodyepipolarcon-
straint� n (~x j

2)T F � n (~x j
1) = 0. Sincefor theGaussiannoise

modelthe negative log-likelihoodis equalto the reprojec-
tion error, weobtaintheconstrainedoptimizationproblem1

min
P N

j =1 k~x j
1 � x j

1k2 + k~x j
2 � x j

2k2

subjectto � n (~x j
2)T F � n (~x j

1) = 0 j = 1; : : : ; N :
(9)

By usingLagrangemultipliers � j 2 R for eachconstraint,
theaboveoptimizationproblemis equivalentto minimizing

NX

j =1

k~x j
1 � x j

1k2 + k~x j
2 � x j

2k2 + � j � n (~x j
2)TF � n (~x j

1): (10)

1Notice that the optimizationproblem(9) doesnot includeasan ad-
ditional constraintthe fact that the third entry of eachimagepoint x =
[x; y; 1]T 2 R3 is equalto one. We implicitly eliminatesuchconstraints
and their associatedLagrangemultipliers by left-multiplying the partial
derivativesof theLagrangian(10)by theprojectionmatrix � in (11).

Let

� =

2

4
1 0 0
0 1 0
0 0 0

3

5 = [e3]T� [e3]� ; (11)

with e3 = [0; 0; 1]T 2 R3, betheprojectionmatrixeliminat-
ing thethird entryof any imagepoint x = [x; y; 1]T 2 R3.
Since�( ~x � x ) = ( ~x � x ), after multiplying the partial
derivativesof the Lagrangian(10) with respectto ~x j

1 and
~x j

2 by theprojectionmatrix � weobtain

2(~x j
1 � x j

1) + � j �
�

D � n (~x j
1)

� T
F T � n (~x j

2) = 0; (12)

2(~x j
2 � x j

2) + � j �
�

D � n (~x j
2)

� T
F � n (~x j

1) = 0; (13)

whereD � n (x ) 2 RM n � 3 is theJacobianof � n .
For easeof notation,let usalsode�ne

gj
1 = (D � n (~x j

1))TF T � n (~x j
2); gj

2 = (D � n (~x j
2))TF � n (~x j

1):

Then,since� T � = � 2 = � , afterleft-multiplying (12)and
(13)by gj T

1 � andgj T
2 � , respectively, weobtain

2gj T
1 �( ~x j

1 � x j
1) + � j k[e3]� gj

1k2 = 0; (14)

2gj T
2 �( ~x j

2 � x j
2) + � j k[e3]� gj

2k2 = 0: (15)

Since�( ~x � x ) = ( ~x � x ), D � n (~x )~x = n� n (~x ) and
� n (~x 2)F � n (~x 1) = 0, we obtain gj T

1 ~x j
1 = gj T

2 ~x j
2 = 0.

Therefore,wehave

� 2gj T
1 x j

1 + � j k[e3]� gj
1k2 = 0; (16)

� 2gj T
2 x j

2 + � j k[e3]� gj
2k2 = 0; (17)

from whichwecansolve for � j as

� j

2
=

gj T
1 x j

1 + gj T
2 x j

2

k[e3]� gj
1k2 + k[e3]� gj

2k2
: (18)

Similarly, afterleft-multiplying (12)by ( ~x j
1 � x j

1)T and
(13)by ( ~x j

2 � x j
2)T weget

2k~x j
1 � x j

1k2 � � j gj T
1 x j

1 = 0; (19)

2k~x j
2 � x j

2k2 � � j gj T
2 x j

2 = 0; (20)

from which thereprojectionerrorfor point j is givenby

k~x j
1 � x j

1k2 + k~x j
2 � x j

2k2 =
� j

2
(gj T

1 x j
1 + gj T

2 x j
2): (21)

After replacing(18) in thepreviousequation,we obtain
thefollowing expressionfor thetotal reprojectionerror

~En (f F i gn
i =1 ; f ( ~x j

1 ; ~x j
2 )gN

j =1 )
:
=

NX

j =1

(g j T
1 x j

1 + g j T
2 x j

2 )2

k[e3 ]� g j
1k2 + k[e3 ]� g j

2k2
=

NX

j =1

(x j T
1 (D � n ( ~x j

1 )) T F T � n ( ~x j
2 ) + x j T

2 (D � n ( ~x j
2 )) T F � n ( ~x j

1 )) 2

k[e3 ]� (D � n ( ~x j
1 )) TF T � n ( ~x j

2 )k2 + k[e3 ]� (D � n ( ~x j
2 )) TF � n ( ~x j

1 )k2
:



Since� 1(x ) = x andD � 1(x ) = I , by letting n = 1 in
theaboveexpressionwenoticethat ~En is anaturalgeneral-
izationof thewell-known optimalfunctionfor estimatinga
singlefundamentalmatrixF 2 R3� 3, which is givenby [8]

~E1(F; f ( ~x j
1; ~x j

2)gN
j =1 ) =

NX

j =1

(x j T
1 F T ~x j

2 + x j T
2 F ~x j

1)2

k[e3]� F T ~x j
2k2+ k[e3]� F ~x j

1k2
:

(22)

Remark 3 Noticethat theoptimalerror ~En hasa veryin-
tuitive interpretation. If point j belongsto group i , then
~x j T

2 Fi ~x j
1 = 0. Thisimpliesthat

gj T
1 = � n ( ~x j

2)T F D � n ( ~x j
1) =

@

@~x j
1

�
� n ( ~x j

2)T F � n ( ~x j
1)

�

=
@

@~x j
1

 
nY

i =1

~x j T
2 F i ~x j

1

!

=
nX

i =1

0

@
nY

` 6= i

~x j T
2 F` ~x j

1

1

A( ~x j T
2 F i )

=
� nY

` 6= i

~x j T
2 F` ~x j

1

�
( ~x j T

2 F i );

gj T
2 =

� nY

` 6= i

~x j T
2 F` ~x j

1

�
( ~x j T

1 F T
i ):

Therefore, thefactor
Q n

` 6= i (~x j T
2 F` ~x j

1) is in boththenumer-

ator andthedenominatorof ~En . Hencethecontribution of
point j to theerror ~En reducesto

( ~x j T
2 F i x

j
1 + x j T

2 F i ~x j
1)2

k[e3 ]� F T
i ~x j

2k2 + k[e3 ]� F i ~x j
1k2

; (23)

which is thesameas the contribution of point j to the op-
timal functionfor a singlefundamentalmatrix F i in (22).
Therefore, the objectivefunction ~En is just a clever alge-
braic way of simultaneouslywriting a mixture of optimal
objectivefunctionsfor individualfundamentalmatricesinto
a singleobjectivefunctionfor all thefundamentalmatrices.

Wenow deriveanobjective functionthatdependson the
motion parametersonly. As in the caseof a singlefunda-
mentalmatrix [8], this canbedoneby consideringthe�rst
orderstatisticsof � n (x j

2)T F � n (x j
1). It turnsout thatthis is

equivalentto setting~x j = x j in the above expressionfor
~En . SinceD � n (x )x = n� n (x ) we obtain the following
functionof thefundamentalmatricesEn (F1; : : : ; Fn ) :=

NX

j =1

4n2 (� n (x j
2 )T F � n (x j

1 )) 2

k[e3 ]� (D � n ( ~x j
1 )) TF T � n ( ~x j

2 )k2 + k[e3 ]� (D � n ( ~x j
2 )) TF � n ( ~x j

1 )k2
:

Notice thatEn is just a normalizedversionof thealge-
braic error (8). Furthermore,whenn = 1, En reducesto
the well-known objective function for estimatinga single
fundamentalmatrixF [8]

E1(F ) =
NX

j =1

4(x j T
2 F x j

1)2

k[e3]� F T x j
2k2 + k[e3]� F x j

1k2
: (24)

Notice that (24) can also be obtainedby setting ~x = x
in (22). Therefore,the objective function En (F1; : : : ; Fn )
is anaturalgeneralizationof well-known objective function
E1(F ) in singlebodystructurefrom motion.

In summary, wehavederivedanobjective functionfrom
which onecansimultaneouslyestimateall thefundamental
matricesf Fi gn

i =1 usingall the imagepairsf (x j
1; x j

2)gN
j =1 ,

without prior segmentationof the image measurements.
The fundamentalmatricescanbe obtainedby minimizing
En usingstandardnonlinearoptimizationtechniques.One
canusethemultibody linearalgorithmin Section3 to ini-
tializethenumberof motionsandthefundamentalmatrices.

Remark 4 (Pure translation and calibrated cases)The
caseof linearly moving objects(Remark1) or calibrated
camerascanbeeasilyhandledby properlyparameterizing
the fundamentalmatricesand thenminimizingover fewer
parameters.

5. Experimental Results
In thissection,weevaluatetheperformanceof theproposed
algorithmwith respectto thenumberof motionsn andthe
amountof noisein the imagemeasurements.We alsotest
ourapproachby segmentinga realimagesequence.

We �rst test the algorithm on syntheticdata. We ran-
domly pick n = 1; 2; 3; 4 collectionsof N = 50n feature
pointsandapply a different(randomlychosen)rigid body
motion(Ri ; Ti ), with Ri 2 SO(3) therotationandTi 2 R3

the translation. Zero-meanGaussiannoisewith standard
deviation (std)from 0 to 2.5pixelsis addedto the�rst two
entriesof x 1 andx 2, assumingan imagesizeof 500� 500
pixels. We run 1000trials for eachnoiselevel. For each
trial the error betweenthe true motionsf (R i ; Ti )gn

i =1 and
theestimatesf (R̂i ; T̂i )gn

i =1 is computedas

Rot. error=
1
n

nX

i =1

acos
� trace(R i R̂T

i ) � 1
2

�
(degrees):

Trans.error=
1
n

nX

i =1

acos
� T T

i T̂i

kTi kkT̂i k

�
(degrees):

Figure1 plots themeanerror in rotationandtranslation
asa function of noise. In all trials the numberof motions
wascorrectlyestimatedfrom equation(6) asn = 1; 2; 3; 41.
The algorithm gives an error of less than 3� for rotation
andlessthan10� for translation.As expected,the perfor-
mancedeterioratesas the numberof motionsn increases,
especiallyfor therotationestimates.

We alsotestedthe proposedapproachby segmentinga
real imagesequencewith n = 3 moving objects:a truck,a
caranda box. Figure2(a)shows the �rst frameof these-
quencewith thetrackedfeaturessuperimposed.Wetracked
a total of N = 173 point features:44 “ � ” for the truck,
48 “ 2 ” for the car and81 “ 4 ” for the box. We estimated
the numberof motionsfrom (6) asn = 3 andminimized
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Figure1: Error in theestimationof therotationandtransla-
tion asafunctionof noisein theimagepoints(stdin pixels).
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Figure2: 3-D segmentationof threeindependentmotions.

E3(F1; F2; F3) to obtain (R̂i ; T̂i ). For comparisonpur-
poses,we estimatedthe ground truth motion (R i ; Ti ) of
eachobjectby manuallysegmentingthefeaturepointsand
thenminimizingthestandarderrorfor singlebodystructure
from motionE1(Fi ) in (24). Theerrorin rotationwas1:5� ,
1:9� and0:1� andtheerrorin translationwas1:7� , 1:8� and
0:4� for thetruck,carandbox,respectively.

In orderto obtainthesegmentationof the featurepairs,
we computedthethreereprojectionerrorsE1(F̂i ) for each
featurepair asshown in Figures2(c)-(e).Eachfeaturepair
wasassignedto themotioni = 1; 2; 3 with theminimumer-
ror. Figure2(b) plotsthesegmentationof theimagepoints.
Thereareno mismatchesfor motions1 and3. However 5
featurescorrespondingto motion2 areassignedto motion
1 and6 featurescorrespondingto motion2 areassignedto
motion3. This is becausethemotionof thecarwassmaller
andhenceits reprojectionerroris smallfor all F̂i 's.

6. Conclusions
We presenteda novel algorithmfor optimally segmenting
dynamicscenescontainingmultiplerigidly moving objects.
Insteadof iteratingbetweenfeaturesegmentationandsingle
body motion estimation,our approacheliminatesthe seg-
mentationanddirectly optimizesover the motion parame-
ters.We testedourapproachonsyntheticandrealimages.
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