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a) The viability kernel and the capture basin
b) Tangential conditions
c) Interpretation of the barrier

II. Example: the Zermelo swimmer
III. Minimum time to reach

a) The epigraph of the value function
b) Zermelo swimming through obstacles
c) Back to the Hamilton-Jacobi equation

IV. Examples
a) Exit time in a labyrinth, 
b) Fractals, Lorenz’s attractor
c) Landing envelopes
d) Zermelo takes the metro

Set valued dynamics

Dynamical system
Input varies in a given set

Set valued dynamics: takes all inputs into account
Resulting dynamics: set valued dynamics

Generic trajectory of the system
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Set valued dynamics 

SAN FRANCISCO INTERNATIONAL AIRPORT RUNWAY RECONFIGURATION PROJECT

no fly zone

target

corridor

“Close to the boundary of
the set such that 
the aircraft wants to stay, 
it should have a required 
input to make it stay 
inside”

Interpretation of the set valued dynamics

The viability kernel

The viability kernel with target
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The contingent cone

C

K
D

Characterization of the viability kernel
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C

K

Characterization of the viability kernel

Interpretation of the tangential conditions

Intruder aircraft starts outside 
the reachable set 

Intruder aircraft starts inside 
the reachable set 
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The Zermelo swimmer (I)

The Zermelo swimmer (II)

The Zermelo swimmer (III)
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C

How to compute the minimum time to reach C ?

Example: 
One dimensional target C
Set valued dynamics 

Add one dimension    for time:

Epigraph of the minimum time to reach function

C

Augment dynamics along the      axis

“count down”
Dynamics along 
the horizontal axis

Epigraph of the minimum time to reach function



7

C

Augment dynamics along the      axis

convex hull of the dynamics with zero

So that it is possible to stop in the target

Epigraph of the minimum time to reach function

C

convex hull of the dynamics with zero

Epigraph of the minimum time to reach function

Epigraph of the minimum time to reach function

C
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Epigraph of the minimum time to reach function

C

K
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River with nonuniform current and obstacles

Obstacles

Cible

Swimmer’s 
dynamics

current

Example: Zermelo swimmer with obstacles
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Epigraph of the minimal time to reach is the capture basin of 
the augmented target with augmented dynamics

Temps 
minimal 

Minimal time

Optimal control for this problem is the optimal swim 
direction

Optimal control

Optimal control for this problem is the optimal swim 
direction

Optimal control
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Graph of the minimum time to reach function
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Link with the Hamilton-Jacobi equation
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Epigraph of the minimum time to reach function

C

K

Expressing these conditions leads to the static HJE

The value function satisfies the static HJE

With the following Hamiltonian

Link with the Hamiltoon-Jacobi equation
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Link with the static Hamilton-Jacobi equation

The value function satisfies the static HJE

With the following Hamiltonian
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Example of minimum time to reach

initial point of 
the trajectory optimal trajectory

target

wall optimal trajectory

constraint 
set  K

Dynamics:
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Discrete dynamical system
Constant input u
Initial condition x

Which x are such that after an 
infinite number of iterations, 
is      still in the ballx j

Fractals: the Mandelbrot function

Mandelbrot function for an other value of u

Re(x)

I m(x)

Re(x)

I m(x)

Fragility of the viability kernel 
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Fractals: the Mandelbrot function

Re(x)

I m(x)

B(0; y)

Discrete dynamical system
Constant input u
Initial condition x

Which x are such that after an 
infinite number of iterations, 
is      still in the ballx j

Illustration of the capture basin

Constraint set: flight envelope
Target set: set admissible touch down parameters
Landing envelope: set of flight parameters from which a safe 

touch down is possible is the capture basin

Landing envelope of a DC9-30 aircraft

The Lorenz attractor

.

.

.

.

.



15

Example: the Zermelo problem

island

rocks current (not uniform)

River

Waterfall (hydroelectric dam)

Example: the Zermelo problem with multiple islands

In this region, the swimmer can:
1) swim / jump / swim / jump … forever
2) swim / jump /swim … reach the island

Here, the swmimmer
goes into the waterfall
(and dies)

Hybrid system: walk or take the metro?


