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The main result of this paper is the following: One cannot prove in the Zermelo-Fraenkel se
theory ZF (which does not contain the axiom of choice) the existence of a set of reals which
not Lebesgue measurable, not even if one uses the principle of dependent choices which allc
countably many consecutive choices. The importance of this paper, which contains extreme
interesting theorems, is enhanced by its elegant and general technical development which make
a standard reference for facts about forcing. The theorems of the paper are based on the assumy
that the existence of inaccessible cardinals is consistent with ZF. The author represents his rest
for technical reasons, as theorems about extensions of model of ZF, but their most interesti
aspect is the consistency aspect.

Theorem 1: ZF is consistent with the conjunction of the following statements; (1) The principle
of dependent choices; (2) every séwf reals is Lebesgue measurable; (3) every4eff reals
has the property of Baire; (4) every uncountable 4etf reals contains a perfect subset; (5) let
A ={A,:z € R} be an indexed family of non-empty sets of reals with the reals as the index set
then there are Borel functioris; and h, mappingR into R such that (a)x|hi(x) ¢ A,} has
Lebesgue measure zero, {b)hy(x) € A, } is of first category. (5) implies that every subseff
has Newtonian capacity. (3) implies the failure of the Hahn-Banach theorem. Once one assun
the axiom of choice then (2)-(5) can be refuted, as is well known. However, it will follow from
Theorem 2 that even with the axiom of choice one cannot produce a definable set of reals which
not Lebesgue measurable.

Theorem 2: ZF is consistent with the conjunction of the axiom of choice, the generalize
continuum hypothesis and (2)-(5) of Theorem 1 restricted to 4eidich are definable from a
countable sequence of ordinals.

Theorem 3: ZF is consistent with the conjunction of the axiom of choice, the stat@ffieat


/mathscinet
/mathscinet/search
/msnmain?co3=AND&co4=AND&dr=all&fmt=hl&fn=130&l=100&pg3=ICN&pg4=TI&r=1&s3=Solovay&s4=measurable
/msnmain?co3=AND&co4=AND&dr=all&fmt=pdfdoc&fn=105&l=100&pg3=ICN&pg4=TI&r=1&s3=Solovay&s4=measurable
/msnmain?co3=AND&co4=AND&dr=all&fmt=pdfdoc&fn=105&l=100&pg3=ICN&pg4=TI&r=1&s3=Solovay&s4=measurable
/msnmain?co3=AND&co4=AND&dr=all&fmt=pdfdoc&fn=105&l=100&pg3=ICN&pg4=TI&r=3&s3=Solovay&s4=measurable
/msnmain?co3=AND&co4=AND&dr=all&fmt=pdfdoc&fn=105&l=100&pg3=ICN&pg4=TI&r=3&s3=Solovay&s4=measurable
/msncgi/msn_mailto
/msnhtml/index_help.html
/msnmain?co3=AND&co4=AND&dr=all&fmt=bibtex&fn=105&l=100&pg3=ICN&pg4=TI&r=2&s3=Solovay&s4=measurable
/msnmain?co3=AND&co4=AND&dr=all&fmt=cit&fn=105&l=100&pg3=ICN&pg4=TI&r=2&s3=Solovay&s4=measurable
/msnmain?fn=130&fmt=hl&pg1=IID&s1=106629&v1=Solovay%2C%20Robert%20M%2E
/msnmain?fn=305&pg1=CN&s1=Ann_of_Math_2&v1=Ann%2E%20of%20Math%2E%20%282%29
/msnmain?fn=705&pg1=CODE&op1=OR&s1=02%2E68
/leavingmsn?url=http://www.jstor.org/browse/0003486x
/leavingmsn?url=http://links.jstor.org/sici?sici=0003-486X(197007)2:92:1%3C1:AMOSIW%3E2.0.CO%3B2-3%26origin=MSN
/mathscinet-docdelivery?fn=init&key=VNO&id=420006409
/msnmain?fn=130&fmt=hl&pg1=MR&s1=1978344%20or%201971487%20or%201949702%20or%201825183%20or%201791372%20or%201732056%20or%201779764%20or%201654181%20or%201625891%20or%201618004%20or%201617937&v1=Reference+Citations&loc=refcit
/msnmain?fn=130&fmt=hl&pg1=CNO&s1=305825%20586983%20768968%201197203%20282849%20653396%201312303%20658391%20727790%20277378%20768265%20338299%20857809%20401473%20268037%201074499%20776639%20332478%20401480%201120505%20369068%20278936%20311476%20328649&v1=Citations%20of%3A%2042%20%2364&loc=revcit

N, whereA is any reasonably defined ordinal0 and not confinal withv (such a2, 3, w +
1,w, but not22N0), and with (2)-(5) of Theorem 1 restricted to sdtsvhich are definable from a
countable sequence of ordinals.

The main tool of the author is Cohen’s forcing. A general concept of genericity is introduced, thi
particular instances of which are the various forms of Cohen genericity, as well as a new conce
of a random real which is vital for the paper, and which is also very useful for other results in se
theory.
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