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Abstract—Designing efficient scheduling algorithms is an
important problem in a general class of networks with resouce-
sharing constraints, such as wireless networks and stochiis
processing networks. In [4], we proposed a distributed schdul-
ing algorithm that can achieve the maximal throughput in sud
networks under certain conditions. This algorithm was inspred
by CSMA (Carrier Sense Multiple Access). In this paper, we
prove the convergence and stability of the algorithm, with
properly-chosen step sizes and update intervals. Convergee
of the joint scheduling and congestion control algorithm fo
utility maximization in [4] can be proved similarly.

Index Terms—Distributed scheduling, maximal throughput,
stochastic approximation, Markov process, convex optimiation

I. INTRODUCTION

and congestion control. The convergence of that algorithm
can be proved using the same approach as in this paper.
Consider a wireless network where some links interfere.
Packets arrive at the transmitters of the links with certain
rates. Consider a “perfect CSMA’ protocol [2], [3] that
works as follows. The different transmitters choose indepe
dent exponentially-distributed backoff times. A trangerit
decrements its backoff timer when it senses the channel idle
and starts transmitting when its timer runs out. The packet
transmission times are also exponentially distributeche(T
process defines a “CSMA Markov chain”.) The assumption in
[2], [3] is that a transmitter hears any transmitter of a lin&t
would interfere with it. That is, there are no hidden nodes.
Moreover, the transmitters hear a conflicting transmisgien
stantaneously. Accordingly, there are no collisions irfer

Efficient resource allocation is essential to achieve highSMA. In practice, other protocols such as RTS/CTS can be

utilization of a class of networks with resource-sharingco Used to address the hidden node problems [2]. The optimality

straints, such as wireless networks and stochastic piogesd? the presence of collisions is analyzed in [12] (see also
networks (SPN [6]). In wireless networks, certain links cal4])- In the task processing problem, on the other hand,
not transmit at the same time due to the interference cd€ can define a perfect CSMA protocol without considering
straints among them. In a task processing problem (furtrfe@llisions and hidden nodes. _ _ _
explained later), two tasks can not be processed simultanelne “adaptive CSMA" scheduling algorithm in [4] is as
ously if they both require monopolizing a common resourciollows. Each I|nl_< adjusts its tra_nsm|53|on aggressivenes
A scheduling algorithm determines which link to activate (ol TA) based on its backlog. A link's TA is reflected in
which task to process) at a given time without violating theither its mean backoff time or mean transmission time.
constraints. Designing distributed scheduling algorihtm FOr example, the transmitter of a I|_nk sets its mean backoff
achieve high throughput is an important problem [1], [11].ime to beexp{—a - @} where @ is the backlog of the
This paper is devoted to a proof of the convergend®k and a > 0 is a small constant. That is, the link
and stability of a simple-to-implement distributed schgay Pecomes more aggressive as its backlog increases. In [4],
algorithm for such networks proposed in [4], [5]. For eas@€ have shown, under a time-scale-separation approximatio
of reference, we review the algorithm below. The algorithif1at such a simple algorithm is throughput-optimal (i.e., i
avoids the need to search for a maximum weighted indep&faPilizes the queues if the arrival rates are strictly itsa)
dent set as required by Maximal-Weight Scheduling [11 ‘he approximation is fthat, as the links change _thelr TA, the
an algorithm that is known to be throughput-optimal b _SMA Markov chain instantaneously reaches its stationary
is not easy to implement, especially in a distributed waglistribution. N
(In [9], a similar randomized algorithm was independently N this paper, we analyze the convergence and stability
proposed in the context of optical networks, and was latBFoPerties of the algorithm without the above approxinatio
developed in [15].) The paper [4] also describes an algtmrithln particular, we show that (i) For any strictly feasibleizat

that maximizes the utility of flows by combining scheduling@t€s, using decreasing step sizes and increasing update
Intervals that satisfy certain conditions, the TAs of difnt
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links converge to the desired values. Although the intaitio
is to make the time-scale separation eventually hold, these
conditions are quite intricate since the speed at which the
CSMA Markov chain converges to its stationary distribution



depends on the time-varying TAs. (ii) The maximal throughE(A(t))/t = Ax. Denote the vector of arrival rates asWe
put can be arbitrarily approached by using constant stegs sisay that)\ is feasible iff it can be written as\ = 3", p; - 2’
and update intervals. wherep; > 0 and), p; = 1. That is, there is a schedule of
The rest of the paper is organized as follows. In section the independent sets (including the non-maximal ones) that
we describe the basic model and the throughput-optimalitgn serve the arrivals. We say thats strictly feasible iff it
objective. Section Il and IV present CSMA schedulingan be written a3 = >~ p;-z* wherep; > 0 and)_, p;, = 1.
algorithms (adapted from [4], [5]), and give proofs of theiDenote the set of feasible and strictly feasibléy C andC
convergence and/or stability under different sets of deffic respectively. It is not difficult to show that is exactly the
conditions. The same results apply to the joint algorithiterior of C.
in [4]. Section V provides simulation studies that illusra  Our objective is to give a distributed scheduling algorithm
the main results. We conclude the paper and discuss futsteh that any strictly feasibla can be “supported”. More

research in section VI. formally, denote byDy(t) the cumulative traffic that has
departed by. The system is “rate stable” ifm; . [Ax(t) —
Il. BASIC MODEL AND PROBLEM STATEMENT Dy (t)]/t = 0, Yk almost surely. Another notion of stability is

We first describe the basic model and objective as in [4 he positive (Harris) recurrence of the network Markov ohai
n algorithm is said to be “throughput-optimal” if for any

A Network Interference Model ?\e CeurCr,e r|]ttmakes the system rate stable or positive (Harris)
There areK FIFO queues in the network. Not all queues The convergence and stability results in this paper can be

can l_)e served si_multaneously, due tp interference or resoeulaadily applied to the joint scheduling and congestion mint
sharing constraints. These constraints are representea byigorithm proposed in [4].

contention graph (or “CG"Y7 = {V, £}, whereV is the set
of vertexes (each of them represents a queue)&isl the 1. A DISTRIBUTED CSMA ALGORITHM AND ITS
set of edges. Two queues cannot be served at the same time THROUGHPUTOPTIMALITY

(i.e., “conflict”) if and only if there is an edge between them We first describe an idealized CSMA model proposed in

In ywreles§ ngtworks, oné can a§500|ate 2 queue w , [8] which the algorithm in [4] in based on. Before trans-
eachlink, which is an ordered transmitter-receiver pair. Two ' . . . y N .
mitting, link k& waits (or “backs-off”) for a random period

links cannot be activated at the same time if they mterfe_ref time that is exponentially distributed with meagiRy. If

Although this is a simplified model for wireless networks, 't does not sense another transmission of a conflicting link

does provide a useful abstraction and has been used Wid&l}ﬁng that time, then the link starts transmitting; othisay
in literature [2] [1]. f '

In the task processing problem, assufdedifferent types it suspends its backoff and resumes it after the conflicting

of tasks and a finite set of resourd8@sA queue is associatedtransmISSIOn is over. The transmission time of likkis

with each type of tasks. To perform a typdask, one needs expone“ntlally d.'St.”bUtEd W|th_mean 1 Defing = log ()
as the “transmission aggressiveness” (TA) of linkAnd let

a subset3;, C B of resources and these resources are the , . . . .
r be the vector ofr;’s. Assuming that the sensing time is

monopolized by the task while it is bemg performed.. NOt(raiegligible, given the continuous distribution of the baitko
that two tasks cannot be performed simultaneously iff th%%n s, collisions do not occur in the model of [2], [3]
Leq;i::eoizirgf cr(;mrnéoggﬁﬁ(e)grggz.vglearly, this can be mode e?fot'e that collision is not an issue in the task,pro;:essing
yAssume th?’;\tGphasN different In.de endent Sets (1S’ problem (cf. section II-A). In wireless networks, however,
) . . P " ' collisions occur since in practice the backoff time of each
not confined to “Maximal Independent Sets”), where each

: : n}k is usually multiples of “minislots” due to the non-
is a set of queues that can be served simultaneously. Denzoe?0 sensing time. Therefore the above idealized CSMA
thei'th IS asz? € {0,1}%, a 0-1 vector that indicates which 9 )

links are transmitting in this IS. That is, theth element of model provides an approximation. The qpprpxmaﬂon_@ more
PR . . o ’ : accurate when the transmission probability in each mihislo
x*, o}, = 1 if link k is transmitting, andc}, = 0 otherwise.

small which leads to small collision probability. In thatsea
o o the transmission time should be increased to compensate
B. Throughput-optimality Objective for the increases backoff time. In [12], we formulated a
We now describe thescheduling problem which is the model which explicitly considers collisions among control
focus of the paper. Without loss of generality, assume thadckets such as RTS in 802.11, designed algorithms similar
the capacity of each link is 1. Assume that traffic arrive® those in [4], and provided their convergence and stabilit
at link £ with an arrival rate\, € (0,1). For simplicity, properties. (Both methods in this paper and in [12] can
assume the following i.i.d. Bernoulli arrivals (althougltan be used to provide convergence/stability results for aroth
be readily generalized [13]): Let.(¢) € {0, 1} be the arrival discrete time protocol [14] that considered collisions.}His
process at linkk. Fort € [j,5 + 1],7 = 1,2,... (i.e., in a paper, we will focus on the case without collisions.
given “slot” with length 1),a(t) = 1 with probability A The transitions of the transmission staté$orm a Contin-
and a(t) = 0 otherwise. ThenAy(t) := jot ax(T)dr, the uous Time Markov Chain, which is called tSMA Markov
cumulative amount of arrived traffic by time satisfies that Chain. References [2], [3] showed that the Markov chain



(with a givenr) is time-reversible, and in the stationary the (unique) vector of optimal dual variables satisfies that

distribution, the probability of state’ is sk(r*) = A, VE.
PN exp(Zle ziry) 1 The next optimization problem is an extension of (6) such
platsr) = C(r) @) that the optimal dual variablas' satisfiessy (r*) > A, Vk.

The strict inequality can be used later to ensure that thaeue

where
; lengths are stable and tend to be small.
C(r) = 5, exp(C4s, #le) - @ °° - -
_ maXuep,w — )_; Uilog(u;) +c log(wg
(Note that an IS with IargeE,{(:1 x},r, has a higher proba- s.f. o - f};)(> ))\k . w:’ Vk( ) @
bility.) Then, the probability that link: is active is 0 é wy < w,_Vk
sk(r) = >5[} - p(a'sr)]. (3) where ) is strictly feasible, and: > 0,w > 0 are small

Since the link capacity is assumed to bes is also the constants.
pacity Ar) Lemma 2: ([5]) For all k, let r; > 0 be the (unique)

average service rate (or throughput) of lialgivenr. . 4 . .
For simplicity, we assume that the arrival traffic can p@ptimal dual variable associated with the constraiii(u; -

viewed as “fluid”. That is, upon transmission, the packeisizx?c) 2 A, +wy In problem (7). Therr™ satisfies that

may be_ differen'_[ frqm the sizes of thg arrived papkets (by re- sk(r*) > Ay, VE.

packetize the bits in the queue). This assumption, however, . _ _ _

is not essential. More discussion is given in [13]. Also, a (subgradient dual) algorithm to find (by solving
the dual problemnin,>g L2(r)) is (for j =1,2,...)

T_he.algorithms in [4], [5] try tq find or approximate, in min{c/ri(j — 1), @})]+,Vk (8)
a distributed way, the TA vectar in CSMA such that the . _ _
induced service rates (3) at all links are not less than tHéerea(j) is some properly-chosen step size. (The proof is
arrival rates\ wheneven\ is strictly feasible. In this section, Similar to that of Lemma 1, and is given in [13].)
we review some results in [4], [5] which state that the desire However, algorithms (5) or (8) require the knowledge of
r can be obtained as the optimal dual variables in some andsk(r(j—1)), which cannot be obtained directly in the
convex optimization problems ((6) or (7)). network since both the traffic arrival and service processes
Consider the following convex optimization problemare random. Therefore in the actual algorithm we need to

whereu € RY is a probability distribution over the 1S’s properly average the randomness. The main complication
(recall thatN is the number of 1S's). LetP := {u’ ¢ hereis that the time needed for the CSMA Markov chain to

A. Review of the ideas behind the Algorithms () = G —1)+a() Ok —su(x(G — 1)) +

RN| 2. ) =1} be the set of such distributions. converge to its stationary distribution (i.e., the mixirmge)
depends on the varying So the dynamics of the Markov
maXuep — D ;Ui lqg(ui) (4) chain andr are coupled in a complex way. The goal here is
s.t. > (i - wp) = A, Yk to provide sufficient conditions to ensure the convergerice o

where ) is strictly feasible, andy, is the summation over the algorithm with random arrivals and service.
all 1S’s.
Lemma 1: ([4]) For all k, let r; > 0 be the (unique) B, TA adjustment Algorithm
optimal dual variable associated with the constrain(u; - Let 24(1) € {0,1} be the instantaneous state of likkat

i) Z A In (6). Thenr” satisfies that (continuous) timet. For I|nk k, define the cumulative “ser-
sip(r™) > A, VEk, vice” by timet asSy (¢ f Oxk 7)dr, and the cumulative
departure by time asDk( ) = fT 0 Zk(T)I(Qr(7) > 0)dr,
where(-) is the indicator function an@(7) := Q«(0) +
Ay (1) — D(7) is the queue length of link at timer. Note
That there is no departure if the queue is empty but we allow
xi(T) = 1 even ifQx(7) = 0 (in which case dummy packets
are sent, further discussed below).
(7)) = [re(d — 1)+ a(f) (M — sk(x(j — 1)))]+, V& (5) The adaptive CSMA algorithm which adjusts the TA is
given below (Notice its similarity to (8)). The algorithm
is fully distributed and requiresno exchange of control
messages. We assume that there is a maximal instantaneous

that is, with the TA vector*, the service rate (3) at any link
is h|gh enough. (And the optimai* is the corresponding

iterative (subgradient dual) algorithm to find (by solvmg
the dual problemnin,>o L1(r)) is (for j = 1,2,...)

wherea(j) is some properly-chosen step siZ@at is, link k
increases r;, if the service rate is smaller than )\, and vice

\_I/_ehraa. fis given in 113 arrival rate\ for any link.
g. F’FIOOI 'ng'vtin in [t ] i bl Algorithm 1: The vectorr is updated at timey, j =
imilarly, for the optimization problem 1,2,.... Letto = 0 and T, = &, —t; 1,j = 1,2,....

maXuep — ;Ui 1Qg(ui) (©) Define “period;” as the time between,_; andt;, andr(j)
st Y (ui-xy,) = Ak, VK, be the value of at the end of period, i.e., at timet;.



Initially, setr(0) = 0. Then at timet; (j = 1,2,...), One concern for rate stability is that the queue lengths may
update go to infinity. However, this does not happen in Algorithm 1
_ _ _ ) _ ) _ _,., Sincer converges ta* such thats; (r*) > A\, Vk. Using the
r:(7) = [re(G=1)+a(f) A () =85 (7)+minfe/ri(G=1), @D act thatlimg .., Sx(t)/¢ = sp(r*) (Lemma 4 in [13]), one

iy oy o can show that the queue lengths return to around O infinite
for all k, where X} (j) and s} (j) are the empirical averagey, ...

arrival rate and service rate of link in period j (i.e., Proposition 2: Let Q,(¢) be the queue size of link
I (s — ) . . ' (5) — ) — . . .
N (0) = [Ai(ty) — A(t;-0)l/T; < A s3,() = [Sk(ty) at (continuous) timet. Consider the proces§Qy(t),t =
Sk(tj-1)]/T;). ¢ > 0,w > 0 are small constants. We let) 15"y "\with Algorithm 1, for any linkk, Qi(f) < 2
link & t.ransmlt dummy packet with TA(j) even if the infinite times (w. p. 1) in the above process.
queue is empty. This ensures that the CSMA Markov chajfy 5 1a|ated work, reference [10] used a differential-eiquat
(with parametelr(q)) has the desired statlonary dIStrIbUtIOI'}nethod to analyze the convergence of the utility maximiza-
(1). (The ttansm|tted dummy packets are included Whet'f?)n algorithm extended from [4]. In [10], an upper bound
computingsy, (;).) of r* needs to be known beforehand to bour(g) in the
Also, a(j) andT; are chosen such that algorithm. Therefore, it is not obvious whether the proof
there can be directly applied to the scheduling problem abov
. . _ 2 .
a(j) > 0,325 alj) = 00,35 a%(j) < oo (10)  without a priori upper bound af*. Also, the queue stability

S olam+1)30 alh))? < o (11) Wwas not considered in [10].

m=0

Yom—olalm +1)- (3271, (i) - f(m)/Tins1] < 00 C. An Algorithm with bounded TA (reduced capacity)
(12) We have shown above that Algorithm 1 is throughput-
where optimal in that it can support any € C. No upper bound of
— e 5K 41) Donas - 57 N+ log(2 TA is imposed in Algorithm 1. In this section, we give similar
fm) At )l 2'7*1 a(j) Bl )](i3) algorithms which simply upper-bound the TA by a constant
where K is the number of links. and = )+ . rmaz > 0. The algorithm’s capacity region is smaller than

Remark 1: According to (9), the algorithm does not need- But i_t allows weaker conditions on the step sizes and

to know X, explicitly. updaFe intervals. A[so, one can chpose the pgrameters of the
Remark 2: In an alternative design, the mean backoff tim@!g0rithm to make its capacity region arbitrarily closeCto

of each link is 1, and the mean transmission time of link Algorithm 2: The vectorr is updated at time;, j =

k is exp(rg). For a givenr, the CSMA Markov chain has 1,2,....

the same sfcationary distribution as in (1)._ In th(_’;\t case, t_h@(j) =[G —1) +a()(N,(§) +e— S;c(j))][077‘maz]7v1g_

same Algorithm 1 can be used, with a minor difference in (14)

the definition of (13). More details are given in [13]. wheree > 0, and[]o,....] means the projection to the set

Proposition 1: The settinga(j) = 1/[(j + 1) log(j + 1)] [0, 7maz]- Algorithm 2 tries to solve problem (6) (notice its

andT; — j satisfies conditions (10), (11) and (12). Note th‘,jﬁimilarity to (5)), except that it “pretends” to serve theieal

this settingdoes not depend on, or require the knowledge of rates\ + € - 1 which are higher than the actual arrival rates
K and \ and thus can ger;erally apply to any network A, in order to ensure that the average service rate is strictly
max .

. : ; : ~higher than the arrival rate after convergence.
Similarly, the same is true for the following settings. (dj'g ) ) .
a(j) = 1/[(j+ 1) log(j + 1)] andT; = j for any~ > 0; (ii Also, a(j) andT; are required to satisfy (10) and

a(j) =co/l(a-j+b+1)log(a-j+b+1)]andT; =a-j+b s
(with constants: > 0,5 > 0, ¢y > 0). > le(m +1)/Tinga] < 00 (15)
The above is not difficult to check [13]. m=0
For examplen(j) = 1/ andT; = j7 for any~ > 0 satisf
A main result of the paper is the following: (10) and (plS;é(j) /I i=7 o y

Theorem 1: Assume that\ is strictly feasible (i.e.)\ € The following theorem states that the capacity region of
C). Then with Algorithm 1,r(j) converges to some* with Algorithm 2 is (at least)
probability 1. The vector* satisfies thats,(r*) > Ay, Vk. Cri(Tmaz,€) = {AMA+e-1€Cand
Also, the system is rate stable. . K
The proof of Theorem 1 is in the Appendix and [13]. rr(A e 1) €0, mmaz] " }
Remark: Another notion of stability often used in literaturewherer?; (A + € - 1) is the optimal vector of dual variables
is the positive (Harris) recurrence of the underlying netwo r* of problem (6) with arrival rates + ¢ - 1.
Markov process, in particular the queue lengths. Note thatTheorem 2: With Algorithm 2, if A € Cr1(rmaz, €), then
with the time-varying step sizes and update intervals imith probability 1,r(j) converges tarj,;(A + ¢-1). (And
Algorithm 1, the Markov process is not time-homogeneous;, (75, (A + € - 1)) > Ay + € > A, Vk.) So the queues are
in which case positive (Harris) recurrence is not well definerate stable and return to around zero infinite times (similar
This is the reason why we choose to prove the “rate stahilitytb Prop. 2).



The proof (given in [13]) is a minor modification of the proof | Link 2 ——— Link 6 |
of Theorem 1 by utilizing the boundednessrof

Clearly, Cr1(Tmaz,€) — C @STmar — +o00 ande — 0.
So we can choose,,.., ¢ to achieve arbitrarily close
approximations of the maximal capacity regién

It can be also shown that one can use constant T, Vj
and decreasing step size$;j) to achieve convergence and
stability.

(a) Link Contention Graph

Algorithm 3: Use the updates;(j) = [rx(j — 1) + ¢+ Transmission Aggressieness
()N (3) + €= U] rpninrmar], Wherea(j) is decreasing '
with j and satisfies (10). The update intervdls = T,V o
whereT > 0 is any constant. st/
Theorem 3: Assume that\ € Cr17(Tmin, T'maz, €) Where A
C]]](Tmin,rmam,e) = {)\|/\+€1€C and SXX“*‘:EXW
r'(A+e€ 1) € (Tmin, Tmar)K} 2| EEE%
wherer*(\ + ¢ - 1) is the (unique) vector of optimal dual ’ e
variables in problem (6) with the arrival rate+ ¢ - 1. Then R T T Ta T PR
with Algorithm 3, r(j) — r*(\ + € - 1), the queues are rate e !
stable and return to around zero infinite times (similar to (b) r: the vector of TA
Prop. 2) with probability 1. S
The proof involves dividing the time into “frames” where or
each frame consists of multiple update intervals. Then we sopgl), : ]
bound the “error” of the changes oin the frames (compared a0l

to the changes if we have the exact gradients.) The proof is
omitted due to the space limit. (We note that the differdntia
equation method used in [10] can potentially provide anothe
proof whenr(j) is bounded, similar to the convergence result
in the collision case [12].)
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IV. CONSTANT STEP SIZE AND UPDATE INTERVAL IR (.me‘(ms) B xm‘:
Now we consider Algorithm 2 with a constant step size (c) Queue lengths
a(j) = a,¥j and a constant update intenva} = T.7;. Fig. 1: CSMA Scheduling with varying step sizes and update
So unlike Algorithm 1, the network Markov process und%tervals
Algorithm 2 is time-homogeneous.
Theorem 4: If A\ € Crr(rmax, €), then there existay >
0,7 > 0 such that the queues are stable using Algorithmf3dr some constarit, > 0 which depend on the network. Note

with a(j) = o, T; =T, Vj. that asd, — 0, the upper bound is in the order bfg(1/6%),
The proof is given in [13]. compared tol /dy, in (16).

The following bounds are useful to characterize the region
Cr1(Tmaz,€) @NACrrr(rmin, Tmaz €)- V. NUMERICAL EXAMPLES

Proposition 3: Given A € C. If §; > 0 is the maximum
value such that\ + &, - e, € C (where e, is the K-
dimensional vector whosg'th element is 1 and others are
0's), then

In our C++ simulations, the transmission time of all
links is exponentially distributed with mean 1ms, and the
backoff time of link & is exponentially distributed with
log(NV) mean 1/ exp(ry) ms. Assume that the capacity of each

5 (16) link is 1(data unit)/ms. The initial TAr,(0) = 0 for

k all link k. To show the negative drift of queues, assume
So, if 8y > 10g(N)/Tmaz, Yk, thenX € Crr(rmaz,0). (A that initially, all queue lengths are 300 data units. Then

T?I,k(/\) <

slightly looser bound was obtained in [16].) 7, is adjusted using Algorithm 1, with step sizeg;) =
We also have another bound which is tighter than (1€),46/[(2 + j/1000) log(2 + j/1000)] and update intervals
especially for small values of;. T, = (2 + j/1000) ms. The constante = 0.01, and

Proposition 4: Given A € C. Recall thatrj(\) denotes 5 — ¢.02.

the uniquer such thatsy(r) = A, Vk. If 6 > 0 is the  There are 6 links in the network, whose conflict graph
maximum value such that + dy, - e, € C, then is shown in Fig. 1 (a). (Each link only needs to know the
Ak . N set of links that conflict with itself.) Defin® < p < 1
log(1— /\k) < 7E(A) < b [IOg(m) +1] as the “load factor”, and lep = 0.98 in this simulation.




The arrival rate vector is set ta=p*[0.2*(1,0,1,0,0,0) + Define also the zero-mean “noise”

0.3%1,0,0,1,0,1) + 0.2%0,1,0,0,1,0) + 0.3*(0,0,1,@)4,= L Bl
*(0.5,0.2,0.5,0.3,0.5,0.3) (data units/ms). We have mult me(m) s = (sk(m) = Bl (m)| Fn-a)

plied by p a convex combination of some maximal IS’s to —(Ak(m) = B[N, (m)|F-1]).

ensure that\ is in the interior of the capacity region. Since boths), (m) and X, (m) are bounded, the noise is also

As expected, the TA vectar tends to converge (Fig. 1 bounded: <o f 0. Th h
(b)). Also, the queues tend to decrease and are stable (Fig.oim edin(m)| < ¢z for somec; > 0. Then, we have

(©). gr(m) = gr(m) + Bi(m) + mr(m). (19)
Due to the limit of space, simulation results with constant
step size are given in [13]. B. Proof of Theorem 1

The proof is composed of two parts. The first part analyzes
the mixing time of the CSMA Markov chain, and shows that
This paper has provided proofs of the convergence amdith Algorithm 1 and condition (12), the error bid(m)
stability property of the distributed CSMA scheduling algo(18) decreases “fast enough” with time. The second part
rithm proposed in [4], [5] with properly chosen step sized ar(lLemma 3) is related to the theory stbchastic approxima-
update intervals. Similar results also apply to the cragedl tion and proves the convergence xffj) to r*, the optimal
algorithm (joint CSMA scheduling and congestion controlual variables of problem (7). Essentially, part 1 has estbur
in [4], [5]. that the biaB(m) diminishes asn — oo, and (11) ensures
The conditions on the step sizes and update intervdigt the effect of the martingale noisgm) diminishes
given here are sulfficient for the convergence/stabilityhef t (by the martingale convergence theorem.) Combining these
algorithms. However, since certain bounds in the proof mad the choice of step sizes, the convergence*tcan be
not be tight, it is possible that these conditions are nestablished.
necessary. Also, we have assumed general conflict graphdn the following consider perioan + 1 (i.e., from¢,, to
In many networks of practical interest, however, the confli¢,,+1). At time ¢,,, with the TA vectorr(m), denote the cor-
graphs may have particular structures. For example, if thesponding CSMA Markov chain by (¢) (for convenience
conflict graph is a full graph (corresponding to a networe drop the indexn +1). X (¢) is a continuous time Markov
where all links conflict to each other), then it can be showechain (CTMC). By (1), the probability of state € {0, 1}%
that the mixing time is much smaller than the worst-case the stationary distribution oK (¢) is
bound used in this paper. In the future, we would like to 1
study whether some of the conditions can be relaxed, either.(r(m)) = p(z;r(m)) = ) exp( D wxri(m)).
generally or in networks with certain structure. k

VI. CONCLUSION

Sincer(m) > 0, using (2),

VII. APPENDIX C(r(m)) <Y exp(17r(m)) < 25 exp(17x(m))

A. Some notation

Before proving Theorem 1, we need some further notatiogice there are at mogE states. Alsoexp () xxri(m)) =
Let2°(m—1) be the state of the CSMA Markov chain at the (since ri(m) > 0 in Algorithm 1). So, the minimal

beginning of periodn (i.e., at timet,,,_1). Define the random probability in the stationary distribution
vectorU(m—1) := (s'(m—1),N(m—1),r(m—1),2°(m—
1)) for m > 1 andU(0) = (r(0) = 0,2°(0)). Form > 1, let  Tmin(r(m)) := minm, (r(m)) > exp(—1"r(m)—Klog(2)).
Fm—1 be theo-field generated by (0), U (1), ...,U(m—-1). . L ) o L

Given a vector of TAr(m — 1) at the beginning of the  SINCeA(j)+min{c/rk(j), W} < Amaz @ndsj (r(j)) = 0,
period m of Algorithm 1, the vectorg(m) whose k-th W€ haveri(j + 1) < 74(j) + a(j)Amas, Vi, k. Recall that
elementgy (m) == s (x(m — 1)) — Ay — (¢/ru(m — 1)) A "8(0) = 0,¥k. SO7Tk(m) < Amaa 3257, a(j), Vk. Thus,

is a subgradient ofLy(r) (the dual problem of (7) is m
min,>g Lo(r): see the proof of Lemma 2 in [13]). To find the 7, (r(m)) > exp{—K - [Mnaz Z a(j) +1log(2)]}. (20)
desiredr* which solves the dual problem, the ideal algorithm j=1

(8) would follow the opposite direction af(m). However,

T d with th f, first “uniformizeX ().
Algorithm 1 only has an estimation @f,(m), denoted by 0 proceer Wi e proof, we first “uniformizeX (¢)

Recall that for the Markov chainX (¢), if each element
gh(m) = si(m) — Xi(m) — (¢/ri(m — 1)) Aw.  (17) of its transition rate matrixp) has an absolute value less
than a constanti,, 1, then we can writeX (¢t) = Z(N (¢))

The “error bias” ofg.(m) is defined as whereZ(n) is a discrete time Markov chain with probability
o , transition matrixP = I + Q/A,+1, wherel is the identity
Bi(m): = E[gf(m”fm‘l] — gr(m) matrix, andN (¢) is an independent Poisson process with rate
Els},(m)|Fm-1] — sk(r(m —1)) — Amy1. We claim thatA,, ;1 = K - exp(Amaz 3.1 @(4))

(BN (m)|Frm-1] — Mgl (18) suffices for the need. (Proof: rx(m) < Apas 352 a(4),



we haveQ(z, z') < exp(Mmax ZJ L a(4)), Yo, 2’. Also, for would be better, which can lead to weaker conditions on the
any stater, Q(z,2’) > 0 for at mostK’ dn‘ferentx i.e., state step sizes and update intervals. The reason is that at the end
x can at most transit té& other states by changing the statef periodm +1, 1, (t) is closer to the stationary distribution

of any one of theX' links, so_,,,, Q(z,z") < Ayir.)

Now we estimate how faF[s}.(m + 1)|F,,] is from the
desired values,(r(m)). Let the vectornu,, (t) = {um(t,x)}
be the probabilities of all states at timg+t (where0 < ¢t <
T..+1), given that the initial state at timg,, is 2°(m) and
that the TA's during[t,,, t;m+1) arer(m). Let x(t,, +t) =
{zk(tm +t)} be the state at timg,, + ¢. Then

El[s),(m + 1) Fm]

T7n+1
= Bl/Torn) [ Lot +1) = D]
T7101+1
= (1/Tons1) /0 Plan(ty + ) = 1)dt

=uﬂ%ﬁj-§j[A"Mum@fwﬂ

Pome! —
iz =1

= Z ﬂm(x/)

lom! —
oy =1

wherefin (/) = (1/Tons1) - oy ™+ pm(t, 2')dt is the time-
averaged probability of state’ in the interval. Letj,, :=
{fim(z)} be the vector of such probabilities of all states.

Let 7,0 (r(m)) be the probability of:® (m), simply written
as 2, in the stationary distribution of( (). Use || -

||var

7(r(m)).
Continuing the proof,3; can be bounded by Cheeger’s
inequality [7]

B <1—-¢°/2 (22)
where¢ is the “conductance” o, defined as
- F(S5, 59
T scan()e©1/2] s (r(m))
where ms(r(m)) = > gm(r(m)), and F(S,S°)
is the *“ergodic flow” from S to S¢. F(S,S¢) =
Ywesaese F(@a') = Yicgese Ta(r(m))P(z, ).

Then similar to [9], we have

¢

Y

min F(S,859
ScQ,n(S)e(0,1/2]
F(x,2")

{mz(x(m)) - P(z,2)}.

V

min
z#z’ ,P(x,z’)>0
= min
z#z’ ,P(z,z’)>0
For any z # 2’ such thatP(z,z') > 0, it must be
that Q(z,2') > 0. Note thatQ(z,z’) = 1 or Q(z,2') =
exp(ri(m)) for somek, soQ(z,z’) > 1. Hence,P(z,2') =
Q(z,2")/Ams1 > 1/A+1. Combined with the last inequal-

to denote the variation distance between two dlstr|but|ort§ we find
(expressed below). Let; be the second largest eigenvalue

of P, and the vector(r(m)) := {m.(r(m))}. The following

inequality (a slight extension of Eq. (1.10) in [7]) has used

the fact thatX (¢) is equivalent toZ (N (t)),
me t CC _77:5 ( ))l/

1 /1—m.0
71/ W: ::)7)1 exp(—Amy1(1—Bi)t)
\/ — exp App1(1 = B)t).

i = 7 (x(m))|lvar

Trm41
= 1(1/Tm41) /O [ () = m(x(m))]dt]|var

||Mm - 7T ||va7‘ =

IN

So,

IN

Trt1
(Uﬂmﬂ-A bt (£) = (2 (m) st

1 1 1
2\ Tin(r(m)) Ay (1 = B1) Tt

where the first inequality has used the fact that |, is a
convex function.

(21)

¢ = mmin T2 (r(m))/Amt1 = Tnin (£(m)) [Am1.

Using (22), 81 < 1 — [Tmin(r(m))/Ams1]?/2. Thus
1/(1 = p1) <2 A2 [Tmin(r(m))]~2. Plugging this into
(21) and use (20), we have

i —=m(x(m))l[var
< A1 [Tmin (r(m))]75/2/Tm+1.
< K- f(m)/Tm-l-l

where f(m) is defined in (13). So,

(Blsly(m +nf1—%<mm|
- Y (m))|
smmi—ﬂMm»mM
<2 K - f(m)/Tomsr, Vk.

_Sk

(23)

Also, with the Bernoulli arrival process(t) assumed in

section II-B, it is easy to show that

|EIN, (m + 1) Fn] = M| < 1/Ton1 (24)

We remark here that if we use the average service rateTdferefore, the error biaBj(m+ 1), defined in (18), satisfies

the lastT}, 1 := min{7T", T),,;1} time unit (wherel’ > 0) in

|Bi(m + 1) < 2K - f(m)/Tmy1 + 1/Timy1 < 3K -

each periodn + 1 to estimates,(r(m)) (i.e., lettings) (m+  f(m)/T,n+1. Denote byB(m) the vector ofBy(m)’s. Since

1) = [Sk(tm+1)

—Sk(tms1—Tms1)]/Tint1), the bound (21) |7y, (m) —7%] < F4-Amaz dory (i), wherer = maxy, 75, we



show that the ternfr(m) — r*)?7 - B(m + 1) is diminishing: [15] S. Rajagopalan, D. Shah, J. Shin, “Network adiabatotam: an effi-

a(m +1)|(r(m) — )" - B(m +1)|

m=0
m

< 3K {o(m+D[F + Amaz D a(i)] - f(m)/Trnsa]}

< o0

m=0 =1

(25)

where the last step is obtained using condition (12).
Lemma 3: If (25) and (11) hold, then with Algorithm Ty,
converges ta* (the optimal dual variables of problem (7))

with probability 1.

As noted before, the proof of Lemma 3 uses stochastic
approximation, and is similar to that of Theorem 3.1 in [8],
but with more intricacies. The complete proof is given in

[13].
To conclude, with Algorithm 1y converges ta* such that
si(r*) > A, VEk. Then the rate stability is proved in [13].
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