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Abstract—Designing efficient scheduling algorithms is an
important problem in a general class of networks with resource-
sharing constraints, such as wireless networks and stochastic
processing networks. In [4], we proposed a distributed schedul-
ing algorithm that can achieve the maximal throughput in such
networks under certain conditions. This algorithm was inspired
by CSMA (Carrier Sense Multiple Access). In this paper, we
prove the convergence and stability of the algorithm, with
properly-chosen step sizes and update intervals. Convergence
of the joint scheduling and congestion control algorithm for
utility maximization in [4] can be proved similarly.

Index Terms—Distributed scheduling, maximal throughput,
stochastic approximation, Markov process, convex optimization

I. I NTRODUCTION

Efficient resource allocation is essential to achieve high
utilization of a class of networks with resource-sharing con-
straints, such as wireless networks and stochastic processing
networks (SPN [6]). In wireless networks, certain links can
not transmit at the same time due to the interference con-
straints among them. In a task processing problem (further
explained later), two tasks can not be processed simultane-
ously if they both require monopolizing a common resource.
A scheduling algorithm determines which link to activate (or
which task to process) at a given time without violating these
constraints. Designing distributed scheduling algorithms to
achieve high throughput is an important problem [1], [11].

This paper is devoted to a proof of the convergence
and stability of a simple-to-implement distributed scheduling
algorithm for such networks proposed in [4], [5]. For ease
of reference, we review the algorithm below. The algorithm
avoids the need to search for a maximum weighted indepen-
dent set as required by Maximal-Weight Scheduling [11],
an algorithm that is known to be throughput-optimal but
is not easy to implement, especially in a distributed way.
(In [9], a similar randomized algorithm was independently
proposed in the context of optical networks, and was later
developed in [15].) The paper [4] also describes an algorithm
that maximizes the utility of flows by combining scheduling
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and congestion control. The convergence of that algorithm
can be proved using the same approach as in this paper.

Consider a wireless network where some links interfere.
Packets arrive at the transmitters of the links with certain
rates. Consider a “perfect CSMA” protocol [2], [3] that
works as follows. The different transmitters choose indepen-
dent exponentially-distributed backoff times. A transmitter
decrements its backoff timer when it senses the channel idle
and starts transmitting when its timer runs out. The packet
transmission times are also exponentially distributed. (The
process defines a “CSMA Markov chain”.) The assumption in
[2], [3] is that a transmitter hears any transmitter of a linkthat
would interfere with it. That is, there are no hidden nodes.
Moreover, the transmitters hear a conflicting transmissionin-
stantaneously. Accordingly, there are no collisions in perfect
CSMA. In practice, other protocols such as RTS/CTS can be
used to address the hidden node problems [2]. The optimality
in the presence of collisions is analyzed in [12] (see also
[14]). In the task processing problem, on the other hand,
one can define a perfect CSMA protocol without considering
collisions and hidden nodes.

The “adaptive CSMA” scheduling algorithm in [4] is as
follows. Each link adjusts its transmission aggressiveness
(“TA”) based on its backlog. A link’s TA is reflected in
either its mean backoff time or mean transmission time.
For example, the transmitter of a link sets its mean backoff
time to be exp{−α · Q} where Q is the backlog of the
link and α > 0 is a small constant. That is, the link
becomes more aggressive as its backlog increases. In [4],
we have shown, under a time-scale-separation approximation,
that such a simple algorithm is throughput-optimal (i.e., it
stabilizes the queues if the arrival rates are strictly feasible).
The approximation is that, as the links change their TA, the
CSMA Markov chain instantaneously reaches its stationary
distribution.

In this paper, we analyze the convergence and stability
properties of the algorithm without the above approximation.
In particular, we show that (i) For any strictly feasible arrival
rates, using decreasing step sizes and increasing update
intervals that satisfy certain conditions, the TA’s of different
links converge to the desired values. Although the intuition
is to make the time-scale separation eventually hold, these
conditions are quite intricate since the speed at which the
CSMA Markov chain converges to its stationary distribution
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depends on the time-varying TA’s. (ii) The maximal through-
put can be arbitrarily approached by using constant step sizes
and update intervals.

The rest of the paper is organized as follows. In section II,
we describe the basic model and the throughput-optimality
objective. Section III and IV present CSMA scheduling
algorithms (adapted from [4], [5]), and give proofs of their
convergence and/or stability under different sets of sufficient
conditions. The same results apply to the joint algorithm
in [4]. Section V provides simulation studies that illustrate
the main results. We conclude the paper and discuss future
research in section VI.

II. BASIC MODEL AND PROBLEM STATEMENT

We first describe the basic model and objective as in [4].

A. Network Interference Model

There areK FIFO queues in the network. Not all queues
can be served simultaneously, due to interference or resource-
sharing constraints. These constraints are represented bya
contention graph (or “CG”)G = {V , E}, whereV is the set
of vertexes (each of them represents a queue) andE is the
set of edges. Two queues cannot be served at the same time
(i.e., “conflict”) if and only if there is an edge between them.

In wireless networks, one can associate a queue with
eachlink, which is an ordered transmitter-receiver pair. Two
links cannot be activated at the same time if they interfere.
Although this is a simplified model for wireless networks, it
does provide a useful abstraction and has been used widely
in literature [2] [1].

In the task processing problem, assumeK different types
of tasks and a finite set of resourcesB. A queue is associated
with each type of tasks. To perform a type-k task, one needs
a subsetBk ⊆ B of resources and these resources are then
monopolized by the task while it is being performed. Note
that two tasks cannot be performed simultaneously iff they
require some common resources. Clearly, this can be modeled
by a conflict graphG defined above.

Assume thatG hasN different Independent Sets (“IS”,
not confined to “Maximal Independent Sets”), where each IS
is a set of queues that can be served simultaneously. Denote
the i’th IS asxi ∈ {0, 1}K, a 0-1 vector that indicates which
links are transmitting in this IS. That is, thek’th element of
xi, xi

k = 1 if link k is transmitting, andxi
k = 0 otherwise.

B. Throughput-optimality Objective

We now describe thescheduling problem which is the
focus of the paper. Without loss of generality, assume that
the capacity of each link is 1. Assume that traffic arrives
at link k with an arrival rateλk ∈ (0, 1). For simplicity,
assume the following i.i.d. Bernoulli arrivals (although it can
be readily generalized [13]): Letak(t) ∈ {0, 1} be the arrival
process at linkk. For t ∈ [j, j + 1], j = 1, 2, . . . (i.e., in a
given “slot” with length 1),a(t) = 1 with probability λk

and a(t) = 0 otherwise. Then,Ak(t) :=
∫ t

0
ak(τ)dτ , the

cumulative amount of arrived traffic by timet, satisfies that

E(Ak(t))/t = λk. Denote the vector of arrival rates asλ. We
say thatλ is feasible iff it can be written asλ =

∑

i p̄i · x
i

wherep̄i ≥ 0 and
∑

i p̄i = 1. That is, there is a schedule of
the independent sets (including the non-maximal ones) that
can serve the arrivals. We say thatλ is strictly feasible iff it
can be written asλ =

∑

i p̄i ·x
i wherep̄i > 0 and

∑

i p̄i = 1.
Denote the set of feasible and strictly feasibleλ by C̄ andC
respectively. It is not difficult to show thatC is exactly the
interior of C̄.

Our objective is to give a distributed scheduling algorithm
such that any strictly feasibleλ can be “supported”. More
formally, denote byDk(t) the cumulative traffic that has
departed byt. The system is “rate stable” iflimt→∞[Ak(t)−
Dk(t)]/t = 0, ∀k almost surely. Another notion of stability is
the positive (Harris) recurrence of the network Markov chain.
An algorithm is said to be “throughput-optimal” if for any
λ ∈ C, it makes the system rate stable or positive (Harris)
recurrent.

The convergence and stability results in this paper can be
readily applied to the joint scheduling and congestion control
algorithm proposed in [4].

III. A DISTRIBUTED CSMA ALGORITHM AND ITS

THROUGHPUT-OPTIMALITY

We first describe an idealized CSMA model proposed in
[2], [3] which the algorithm in [4] in based on. Before trans-
mitting, link k waits (or “backs-off”) for a random period
of time that is exponentially distributed with mean1/Rk. If
it does not sense another transmission of a conflicting link
during that time, then the link starts transmitting; otherwise,
it suspends its backoff and resumes it after the conflicting
transmission is over. The transmission time of linkk is
exponentially distributed with mean 1. Definerk = log(Rk)
as the “transmission aggressiveness” (TA) of linkk. And let
r be the vector ofrk ’s. Assuming that the sensing time is
negligible, given the continuous distribution of the backoff
times, collisions do not occur in the model of [2], [3].

Note that collision is not an issue in the task processing
problem (cf. section II-A). In wireless networks, however,
collisions occur since in practice the backoff time of each
link is usually multiples of “minislots” due to the non-
zero sensing time. Therefore the above idealized CSMA
model provides an approximation. The approximation is more
accurate when the transmission probability in each minislot is
small which leads to small collision probability. In that case,
the transmission time should be increased to compensate
for the increases backoff time. In [12], we formulated a
model which explicitly considers collisions among control
packets such as RTS in 802.11, designed algorithms similar
to those in [4], and provided their convergence and stability
properties. (Both methods in this paper and in [12] can
be used to provide convergence/stability results for another
discrete time protocol [14] that considered collisions.) In this
paper, we will focus on the case without collisions.

The transitions of the transmission statesxi form a Contin-
uous Time Markov Chain, which is called theCSMA Markov
Chain. References [2], [3] showed that the Markov chain
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(with a given r) is time-reversible, and in the stationary
distribution, the probability of statexi is

p(xi; r) =
exp(

∑K
k=1 xi

krk)

C(r)
(1)

where
C(r) =

∑

j exp(
∑K

k=1 xj
krk) . (2)

(Note that an IS with larger
∑K

k=1 xi
krk has a higher proba-

bility.) Then, the probability that linkk is active is

sk(r) :=
∑

i[x
i
k · p(xi; r)]. (3)

Since the link capacity is assumed to be 1,sk(r) is also the
average service rate (or throughput) of linkk given r.

For simplicity, we assume that the arrival traffic can be
viewed as “fluid”. That is, upon transmission, the packet sizes
may be different from the sizes of the arrived packets (by re-
packetize the bits in the queue). This assumption, however,
is not essential. More discussion is given in [13].

A. Review of the ideas behind the Algorithms

The algorithms in [4], [5] try to find or approximate, in
a distributed way, the TA vectorr in CSMA such that the
induced service rates (3) at all links are not less than the
arrival ratesλ wheneverλ is strictly feasible. In this section,
we review some results in [4], [5] which state that the desired
r can be obtained as the optimal dual variables in some
convex optimization problems ((6) or (7)).

Consider the following convex optimization problem,
where u ∈ RN

+ is a probability distribution over the IS’s
(recall that N is the number of IS’s). LetP := {u′ ∈
RN

+ |
∑

i u′
i = 1} be the set of such distributions.

maxu∈P −
∑

i ui log(ui)
s.t.

∑

i(ui · x
i
k) ≥ λk, ∀k

(4)

whereλ is strictly feasible, and
∑

i is the summation over
all IS’s.

Lemma 1: ([4]) For all k, let r∗k ≥ 0 be the (unique)
optimal dual variable associated with the constraint

∑

i(ui ·
xi

k) ≥ λk in (6). Thenr∗ satisfies that

sk(r∗) ≥ λk, ∀k,

that is, with the TA vectorr∗, the service rate (3) at any link
is high enough. (And the optimalu∗ is the corresponding
stationary distribution of the CSMA Markov chain.) Also, an
iterative (subgradient dual) algorithm to findr∗ (by solving
the dual problemminr≥0 L1(r)) is (for j = 1, 2, . . . )

rk(j) = [rk(j − 1) + α(j)(λk − sk(r(j − 1)))]+, ∀k (5)

whereα(j) is some properly-chosen step size.That is, link k
increases rk if the service rate is smaller than λk, and vice
versa.
The proof is given in [13].

Similarly, for the optimization problem

maxu∈P −
∑

i ui log(ui)
s.t.

∑

i(ui · x
i
k) = λk, ∀k,

(6)

the (unique) vector of optimal dual variablesr∗ satisfies that
sk(r∗) = λk, ∀k.

The next optimization problem is an extension of (6) such
that the optimal dual variablesr∗ satisfiessk(r∗) > λk, ∀k.
The strict inequality can be used later to ensure that the queue
lengths are stable and tend to be small.

maxu∈P,w −
∑

i ui log(ui) + c
∑

k log(wk)
s.t.

∑

i(ui · x
i
k) ≥ λk + wk, ∀k

0 ≤ wk ≤ w̄, ∀k
(7)

where λ is strictly feasible, andc > 0, w̄ > 0 are small
constants.

Lemma 2: ([5]) For all k, let r∗k ≥ 0 be the (unique)
optimal dual variable associated with the constraint

∑

i(ui ·
xi

k) ≥ λk + wk in problem (7). Thenr∗ satisfies that

sk(r∗) > λk, ∀k.

Also, a (subgradient dual) algorithm to findr∗ (by solving
the dual problemminr≥0 L2(r)) is (for j = 1, 2, . . . )

rk(j) = [rk(j − 1) + α(j)(λk − sk(r(j − 1)) +

min{c/rk(j − 1), w̄})]+, ∀k (8)

whereα(j) is some properly-chosen step size. (The proof is
similar to that of Lemma 1, and is given in [13].)

However, algorithms (5) or (8) require the knowledge of
λk andsk(r(j−1)), which cannot be obtained directly in the
network since both the traffic arrival and service processes
are random. Therefore in the actual algorithm we need to
properly average the randomness. The main complication
here is that the time needed for the CSMA Markov chain to
converge to its stationary distribution (i.e., the mixing time)
depends on the varyingr. So the dynamics of the Markov
chain andr are coupled in a complex way. The goal here is
to provide sufficient conditions to ensure the convergence of
the algorithm with random arrivals and service.

B. TA adjustment Algorithm

Let xk(t) ∈ {0, 1} be the instantaneous state of linkk at
(continuous) timet. For link k, define the cumulative “ser-
vice” by timet asSk(t) =

∫ t

τ=0 xk(τ)dτ , and the cumulative
departure by timet asDk(t) =

∫ t

τ=0 xk(τ)I(Qk(τ) > 0)dτ ,
whereI(·) is the indicator function andQk(τ) := Qk(0) +
Ak(τ)−Dk(τ) is the queue length of linkk at timeτ . Note
that there is no departure if the queue is empty but we allow
xk(τ) = 1 even ifQk(τ) = 0 (in which case dummy packets
are sent, further discussed below).

The adaptive CSMA algorithm which adjusts the TA is
given below (Notice its similarity to (8)). The algorithm
is fully distributed and requiresno exchange of control
messages. We assume that there is a maximal instantaneous
arrival rateλ̄ for any link.

Algorithm 1 : The vectorr is updated at timetf , j =
1, 2, . . . . Let t0 = 0 and Tj := tj − tj−1, j = 1, 2, . . . .
Define “periodj” as the time betweentj−1 andtj , andr(j)
be the value ofr at the end of periodj, i.e., at timetj .
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Initially, set r(0) = 0. Then at timetj (j = 1, 2, . . . ),
update

rk(j) = [rk(j−1)+α(j)(λ′
k(j)−s′k(j)+min{c/rk(j−1), w̄})]+

(9)
for all k, whereλ′

k(j) and s′k(j) are the empirical average
arrival rate and service rate of linkk in period j (i.e.,
λ′

k(j) = [Ak(tj) − Ak(tj−1)]/Tj ≤ λ̄, s′k(j) = [Sk(tj) −
Sk(tj−1)]/Tj). c > 0, w̄ > 0 are small constants. We let
link k transmit dummy packet with TArk(j) even if the
queue is empty. This ensures that the CSMA Markov chain
(with parameterr(j)) has the desired stationary distribution
(1). (The transmitted dummy packets are included when
computings′k(j).)

Also, α(j) andTj are chosen such that

α(j) > 0,
∑

j α(j) = ∞,
∑

j α2(j) < ∞ (10)
∑∞

m=0[α(m + 1)
∑m

j=1 α(j)]2 < ∞ (11)
∑∞

m=0[α(m + 1) · (
∑m

j=1 α(j)) · f(m)/Tm+1] < ∞
(12)

where

f(m) := exp{(5
2K + 1) · [λmax ·

∑m
j=1 α(j) + log(2)]}

(13)
whereK is the number of links, andλmax = λ̄ + w̄.

Remark 1: According to (9), the algorithm does not need
to know λk explicitly.

Remark 2: In an alternative design, the mean backoff time
of each link is 1, and the mean transmission time of link
k is exp(rk). For a givenr, the CSMA Markov chain has
the same stationary distribution as in (1). In that case, the
same Algorithm 1 can be used, with a minor difference in
the definition of (13). More details are given in [13].

Proposition 1: The settingα(j) = 1/[(j + 1) log(j + 1)]
andTj = j satisfies conditions (10), (11) and (12). Note that
this settingdoes not depend on, or require the knowledge of
K and λmax, and thus can generally apply to any network.

Similarly, the same is true for the following settings. (i)
α(j) = 1/[(j+1) log(j+1)] andTj = jγ for anyγ > 0; (ii)
α(j) = c0/[(a · j + b+1) log(a · j + b+1)] andTj = a · j + b
(with constantsa > 0, b > 0, c0 > 0).

The above is not difficult to check [13].

A main result of the paper is the following:

Theorem 1: Assume thatλ is strictly feasible (i.e.,λ ∈
C). Then with Algorithm 1,r(j) converges to somer∗ with
probability 1. The vectorr∗ satisfies thatsk(r∗) > λk, ∀k.
Also, the system is rate stable.
The proof of Theorem 1 is in the Appendix and [13].

Remark: Another notion of stability often used in literature
is the positive (Harris) recurrence of the underlying network
Markov process, in particular the queue lengths. Note that
with the time-varying step sizes and update intervals in
Algorithm 1, the Markov process is not time-homogeneous,
in which case positive (Harris) recurrence is not well defined.
This is the reason why we choose to prove the “rate stability”.

One concern for rate stability is that the queue lengths may
go to infinity. However, this does not happen in Algorithm 1
sincer converges tor∗ such thatsk(r∗) > λk, ∀k. Using the
fact thatlimt→∞ Sk(t)/t = sk(r∗) (Lemma 4 in [13]), one
can show that the queue lengths return to around 0 infinite
times:

Proposition 2: Let Qk(t) be the queue size of linkk
at (continuous) timet. Consider the process{Qk(t), t =
0, 1, 2, . . .}. With Algorithm 1, for any linkk, Qk(t) ≤ 2
infinite times (w. p. 1) in the above process.
In a related work, reference [10] used a differential-equation
method to analyze the convergence of the utility maximiza-
tion algorithm extended from [4]. In [10], an upper bound
of r∗ needs to be known beforehand to boundr(j) in the
algorithm. Therefore, it is not obvious whether the proof
there can be directly applied to the scheduling problem above
without a priori upper bound ofr∗. Also, the queue stability
was not considered in [10].

C. An Algorithm with bounded TA (reduced capacity)

We have shown above that Algorithm 1 is throughput-
optimal in that it can support anyλ ∈ C. No upper bound of
TA is imposed in Algorithm 1. In this section, we give similar
algorithms which simply upper-bound the TA by a constant
rmax > 0. The algorithm’s capacity region is smaller than
C. But it allows weaker conditions on the step sizes and
update intervals. Also, one can choose the parameters of the
algorithm to make its capacity region arbitrarily close toC.

Algorithm 2: The vectorr is updated at timetj , j =
1, 2, . . . .

rk(j) = [rk(j − 1) + α(j)(λ′
k(j) + ε − s′k(j))][0,rmax], ∀k.

(14)
whereε > 0, and [·][0,rmax] means the projection to the set
[0, rmax]. Algorithm 2 tries to solve problem (6) (notice its
similarity to (5)), except that it “pretends” to serve the arrival
ratesλ + ε · 1 which are higher than the actual arrival rates
λ, in order to ensure that the average service rate is strictly
higher than the arrival rate after convergence.

Also, α(j) andTj are required to satisfy (10) and
∞
∑

m=0

[α(m + 1)/Tm+1] < ∞ (15)

For example,α(j) = 1/j andTj = jγ for anyγ > 0 satisfy
(10) and (15).

The following theorem states that the capacity region of
Algorithm 2 is (at least)

CII(rmax, ε) = {λ|λ + ε · 1 ∈ C and

r∗II(λ + ε · 1) ∈ [0, rmax]K}

wherer∗II(λ + ε · 1) is the optimal vector of dual variables
r∗ of problem (6) with arrival ratesλ + ε · 1.

Theorem 2: With Algorithm 2, if λ ∈ CII(rmax, ε), then
with probability 1, r(j) converges tor∗II(λ + ε · 1). (And
sk(r∗II(λ + ε · 1)) ≥ λk + ε > λk, ∀k.) So the queues are
rate stable and return to around zero infinite times (similar
to Prop. 2).
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The proof (given in [13]) is a minor modification of the proof
of Theorem 1 by utilizing the boundedness ofr.

Clearly, CII(rmax, ε) → C as rmax → +∞ and ε → 0.
So we can choosermax, ε to achieve arbitrarily close
approximations of the maximal capacity regionC.

It can be also shown that one can use constantTj = T, ∀j
and decreasing step sizesα(j) to achieve convergence and
stability.

Algorithm 3: Use the updatesrk(j) = [rk(j − 1) +
α(j)(λ′

k(j)+ε−s′k(j))][rmin,rmax], whereα(j) is decreasing
with j and satisfies (10). The update intervalsTj = T, ∀j
whereT > 0 is any constant.

Theorem 3: Assume thatλ ∈ CIII(rmin, rmax, ε) where

CIII(rmin, rmax, ε) = {λ|λ + ε · 1 ∈ C and

r∗(λ + ε · 1) ∈ (rmin, rmax)K}

wherer∗(λ + ε · 1) is the (unique) vector of optimal dual
variables in problem (6) with the arrival rateλ + ε · 1. Then
with Algorithm 3, r(j) → r∗(λ + ε · 1), the queues are rate
stable and return to around zero infinite times (similar to
Prop. 2) with probability 1.
The proof involves dividing the time into “frames” where
each frame consists of multiple update intervals. Then we
bound the “error” of the changes ofr in the frames (compared
to the changes if we have the exact gradients.) The proof is
omitted due to the space limit. (We note that the differential-
equation method used in [10] can potentially provide another
proof whenr(j) is bounded, similar to the convergence result
in the collision case [12].)

IV. CONSTANT STEP SIZE AND UPDATE INTERVAL

Now we consider Algorithm 2 with a constant step size
α(j) = α, ∀j and a constant update intervalTj = T, ∀j.
So unlike Algorithm 1, the network Markov process under
Algorithm 2 is time-homogeneous.

Theorem 4: If λ ∈ CII(rmax, ε), then there existsα >
0, T > 0 such that the queues are stable using Algorithm 2
with α(j) = α, Tj = T, ∀j.
The proof is given in [13].

The following bounds are useful to characterize the region
CII(rmax, ε) andCIII(rmin, rmax, ε).

Proposition 3: Given λ ∈ C. If δk > 0 is the maximum
value such thatλ + δk · ek ∈ C̄ (where ek is the K-
dimensional vector whosek’th element is 1 and others are
0’s), then

r∗II,k(λ) ≤
log(N)

δk
. (16)

So, if δk ≥ log(N)/rmax, ∀k, then λ ∈ CII(rmax, 0). (A
slightly looser bound was obtained in [16].)

We also have another bound which is tighter than (16),
especially for small values ofδk.

Proposition 4: Given λ ∈ C. Recall thatr∗k(λ) denotes
the uniquer such thatsk(r) = λk, ∀k. If δk > 0 is the
maximum value such thatλ + δk · ek ∈ C̄, then

log(
λk

1 − λk
) ≤ r∗k(λ) ≤ bk · [log(

N

bk · δk
) + 1]
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Fig. 1: CSMA Scheduling with varying step sizes and update
intervals

for some constantbk > 0 which depend on the network. Note
that asδk → 0, the upper bound is in the order oflog(1/δk),
compared to1/δk in (16).

V. NUMERICAL EXAMPLES

In our C++ simulations, the transmission time of all
links is exponentially distributed with mean 1ms, and the
backoff time of link k is exponentially distributed with
mean 1/ exp(rk) ms. Assume that the capacity of each
link is 1(data unit)/ms. The initial TArk(0) = 0 for
all link k. To show the negative drift of queues, assume
that initially, all queue lengths are 300 data units. Then
rk is adjusted using Algorithm 1, with step sizesα(j) =
0.46/[(2 + j/1000) log(2 + j/1000)] and update intervals
Tj = (2 + j/1000) ms. The constantsc = 0.01, and
w̄ = 0.02.

There are 6 links in the network, whose conflict graph
is shown in Fig. 1 (a). (Each link only needs to know the
set of links that conflict with itself.) Define0 ≤ ρ < 1
as the “load factor”, and letρ = 0.98 in this simulation.
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The arrival rate vector is set toλ=ρ*[0.2*(1,0,1,0,0,0) +
0.3*(1,0,0,1,0,1) + 0.2*(0,1,0,0,1,0) + 0.3*(0,0,1,0,1,0)] =
ρ*(0.5,0.2,0.5,0.3,0.5,0.3) (data units/ms). We have multi-
plied by ρ a convex combination of some maximal IS’s to
ensure thatλ is in the interior of the capacity region.

As expected, the TA vectorr tends to converge (Fig. 1
(b)). Also, the queues tend to decrease and are stable (Fig. 1
(c)).

Due to the limit of space, simulation results with constant
step size are given in [13].

VI. CONCLUSION

This paper has provided proofs of the convergence and
stability property of the distributed CSMA scheduling algo-
rithm proposed in [4], [5] with properly chosen step sizes and
update intervals. Similar results also apply to the cross-layer
algorithm (joint CSMA scheduling and congestion control)
in [4], [5].

The conditions on the step sizes and update intervals
given here are sufficient for the convergence/stability of the
algorithms. However, since certain bounds in the proof may
not be tight, it is possible that these conditions are not
necessary. Also, we have assumed general conflict graphs.
In many networks of practical interest, however, the conflict
graphs may have particular structures. For example, if the
conflict graph is a full graph (corresponding to a network
where all links conflict to each other), then it can be shown
that the mixing time is much smaller than the worst-case
bound used in this paper. In the future, we would like to
study whether some of the conditions can be relaxed, either
generally or in networks with certain structure.

VII. A PPENDIX

A. Some notation

Before proving Theorem 1, we need some further notation.
Let x0(m−1) be the state of the CSMA Markov chain at the
beginning of periodm (i.e., at timetm−1). Define the random
vectorU(m−1) := (s′(m−1), λ′(m−1), r(m−1), x0(m−
1)) for m > 1 andU(0) = (r(0) = 0, x0(0)). Form ≥ 1, let
Fm−1 be theσ-field generated byU(0), U(1), . . . , U(m−1).

Given a vector of TAr(m − 1) at the beginning of the
period m of Algorithm 1, the vectorg(m) whose k-th
elementgk(m) := sk(r(m − 1)) − λk − (c/rk(m − 1)) ∧ w̄
is a subgradient ofL2(r) (the dual problem of (7) is
minr≥0 L2(r): see the proof of Lemma 2 in [13]). To find the
desiredr∗ which solves the dual problem, the ideal algorithm
(8) would follow the opposite direction ofg(m). However,
Algorithm 1 only has an estimation ofgk(m), denoted by

g′k(m) = s′k(m) − λ′
k(m) − (c/rk(m − 1)) ∧ w̄. (17)

The “error bias” ofg′k(m) is defined as

Bk(m) : = E[g′k(m)|Fm−1] − gk(m)

= E[s′k(m)|Fm−1] − sk(r(m − 1)) −

[E[λ′
k(m)|Fm−1] − λk]. (18)

Define also the zero-mean “noise”

ηk(m) : = (s′k(m) − E[s′k(m)|Fm−1])

−(λ′
k(m) − E[λ′

k(m)|Fm−1]).

Since boths′k(m) andλ′
k(m) are bounded, the noise is also

bounded:|ηk(m)| ≤ c2 for somec2 > 0. Then, we have

g′k(m) = gk(m) + Bk(m) + ηk(m). (19)

B. Proof of Theorem 1

The proof is composed of two parts. The first part analyzes
the mixing time of the CSMA Markov chain, and shows that
with Algorithm 1 and condition (12), the error biasB(m)
(18) decreases “fast enough” with time. The second part
(Lemma 3) is related to the theory ofstochastic approxima-
tion and proves the convergence ofr(j) to r∗, the optimal
dual variables of problem (7). Essentially, part 1 has ensured
that the biasB(m) diminishes asm → ∞, and (11) ensures
that the effect of the martingale noiseη(m) diminishes
(by the martingale convergence theorem.) Combining these
and the choice of step sizes, the convergence tor∗ can be
established.

In the following consider periodm + 1 (i.e., from tm to
tm+1). At time tm with the TA vectorr(m), denote the cor-
responding CSMA Markov chain byX(t) (for convenience
we drop the indexm+1). X(t) is a continuous time Markov
chain (CTMC). By (1), the probability of statex ∈ {0, 1}K

in the stationary distribution ofX(t) is

πx(r(m)) = p(x; r(m)) =
1

C(r(m))
exp(

∑

k

xkrk(m)).

Sincer(m) ≥ 0, using (2),

C(r(m)) ≤
∑

x′

exp(1T r(m)) ≤ 2K exp(1T r(m))

since there are at most2K states. Also,exp(
∑

k xkrk(m)) ≥
1 (since rk(m) ≥ 0 in Algorithm 1). So, the minimal
probability in the stationary distribution

πmin(r(m)) := min
x

πx(r(m)) ≥ exp(−1T r(m)−K·log(2)).

Sinceλ′
k(j)+min{c/rk(j), w̄} ≤ λmax ands′k(r(j)) ≥ 0,

we haverk(j + 1) ≤ rk(j) + α(j)λmax, ∀i, k. Recall that
rk(0) = 0, ∀k. So rk(m) ≤ λmax

∑m
j=1 α(j), ∀k. Thus,

πmin(r(m)) ≥ exp{−K · [λmax

m
∑

j=1

α(j) + log(2)]}. (20)

To proceed with the proof, we first “uniformize”X(t).
Recall that for the Markov chainX(t), if each element
of its transition rate matrixQ has an absolute value less
than a constantAm+1, then we can writeX(t) = Z(N(t))
whereZ(n) is a discrete time Markov chain with probability
transition matrixP = I + Q/Am+1, whereI is the identity
matrix, andN(t) is an independent Poisson process with rate
Am+1. We claim thatAm+1 = K · exp(λmax

∑m
j=1 α(j))

suffices for the need. (Proof:∵ rk(m) ≤ λmax

∑m
j=1 α(j),



7

we haveQ(x, x′) ≤ exp(λmax

∑m
j=1 α(j)), ∀x, x′. Also, for

any statex, Q(x, x′) > 0 for at mostK differentx′, i.e., state
x can at most transit toK other states by changing the state
of any one of theK links, so

∑

x′ 6=x Q(x, x′) ≤ Am+1.)
Now we estimate how farE[s′k(m + 1)|Fm] is from the

desired valuesk(r(m)). Let the vectorµm(t) = {µm(t, x)}
be the probabilities of all states at timetm+t (where0 ≤ t ≤
Tm+1), given that the initial state at timetm is x0(m) and
that the TA’s during[tm, tm+1) are r(m). Let x(tm + t) =
{xk(tm + t)} be the state at timetm + t. Then

E[s′k(m + 1)|Fm]

= E[(1/Tm+1) ·

∫ Tm+1

0

I(xk(tm + t) = 1)dt]

= (1/Tm+1) ·

∫ Tm+1

0

P (xk(tm + t) = 1)dt

= (1/Tm+1) ·
∑

x′:x′

k
=1

[

∫ Tm+1

0

µm(t, x′)dt]

=
∑

x′:x′

k
=1

µ̄m(x′)

whereµ̄m(x′) = (1/Tm+1) ·
∫ Tm+1

0 µm(t, x′)dt is the time-
averaged probability of statex′ in the interval. Letµ̄m :=
{µ̄m(x)} be the vector of such probabilities of all states.

Let πx0(r(m)) be the probability ofx0(m), simply written
as x0, in the stationary distribution ofX(t). Use || · ||var

to denote the variation distance between two distributions
(expressed below). Letβ1 be the second largest eigenvalue
of P , and the vectorπ(r(m)) := {πx(r(m))}. The following
inequality (a slight extension of Eq. (1.10) in [7]) has used
the fact thatX(t) is equivalent toZ(N(t)),

||µm(t) − π(r(m))||var :=
∑

x

|µm(t, x) − πx(r(m))|/2

≤
1

2

√

1 − πx0(r(m))

πx0(r(m))
exp(−Am+1(1 − β1)t)

≤
1

2

√

1

πmin(r(m))
exp(−Am+1(1 − β1)t).

So,

||µ̄m − π(r(m))||var

= ||(1/Tm+1) ·

∫ Tm+1

0

[µm(t) − π(r(m))]dt||var

≤ (1/Tm+1) ·

∫ Tm+1

0

||µm(t) − π(r(m))||vardt

≤
1

2

√

1

πmin(r(m))

1

Am+1(1 − β1)Tm+1
(21)

where the first inequality has used the fact that|| · ||var is a
convex function.

We remark here that if we use the average service rate of
the lastT̃m+1 := min{T̂ , Tm+1} time unit (whereT̂ > 0) in
each periodm+1 to estimatesk(r(m)) (i.e., lettings′k(m+
1) = [Sk(tm+1)−Sk(tm+1− T̃m+1)]/T̃m+1), the bound (21)

would be better, which can lead to weaker conditions on the
step sizes and update intervals. The reason is that at the end
of periodm+1, µm(t) is closer to the stationary distribution
π(r(m)).

Continuing the proof,β1 can be bounded by Cheeger’s
inequality [7]

β1 ≤ 1 − φ2/2 (22)

whereφ is the “conductance” ofP , defined as

φ := min
S⊂Ω,π(S)∈(0,1/2]

F (S, Sc)

πS(r(m))

where πS(r(m)) =
∑

x∈S πx(r(m)), and F (S, Sc)
is the “ergodic flow” from S to Sc: F (S, Sc) =
∑

x∈S,x′∈Sc F (x, x′) =
∑

x∈S,x′∈Sc πx(r(m))P (x, x′).
Then similar to [9], we have

φ ≥ min
S⊂Ω,π(S)∈(0,1/2]

F (S, Sc)

≥ min
x 6=x′,P (x,x′)>0

F (x, x′)

= min
x 6=x′,P (x,x′)>0

{πx(r(m)) · P (x, x′)}.

For any x 6= x′ such thatP (x, x′) > 0, it must be
that Q(x, x′) > 0. Note thatQ(x, x′) = 1 or Q(x, x′) =
exp(rk(m)) for somek, soQ(x, x′) ≥ 1. Hence,P (x, x′) =
Q(x, x′)/Am+1 ≥ 1/Am+1. Combined with the last inequal-
ity, we find

φ ≥ min
x

πx(r(m))/Am+1 = πmin(r(m))/Am+1.

Using (22), β1 ≤ 1 − [πmin(r(m))/Am+1]
2/2. Thus

1/(1 − β1) ≤ 2 · A2
m+1[πmin(r(m))]−2. Plugging this into

(21) and use (20), we have

||µ̄m − π(r(m))||var

≤ Am+1[πmin(r(m))]−5/2/Tm+1.

≤ K · f(m)/Tm+1

wheref(m) is defined in (13). So,

|E[s′k(m + 1)|Fm] − sk(r(m))|

= |
∑

x′:x′

k
=1

µ̄m(x′) − sk(r(m))|

≤ 2||µ̄m − π(r(m))||var

≤ 2 · K · f(m)/Tm+1, ∀k. (23)

Also, with the Bernoulli arrival processak(t) assumed in
section II-B, it is easy to show that

|E[λ′
k(m + 1)|Fm] − λk| ≤ 1/Tm+1. (24)

Therefore, the error biasBk(m+1), defined in (18), satisfies
|Bk(m + 1)| ≤ 2K · f(m)/Tm+1 + 1/Tm+1 ≤ 3K ·
f(m)/Tm+1. Denote byB(m) the vector ofBk(m)’s. Since
|rk(m)−r∗k| ≤ r̄+λmax

∑m
i=1 α(i), wherer̄ = maxk r∗k, we
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show that the term(r(m)− r∗)T ·B(m + 1) is diminishing:
∞
∑

m=0

α(m + 1)|(r(m) − r∗)T · B(m + 1)|

≤ 3K2
∞
∑

m=0

{α(m + 1)[r̄ + λmax

m
∑

i=1

α(i)] · f(m)/Tm+1]}

< ∞ (25)

where the last step is obtained using condition (12).
Lemma 3: If (25) and (11) hold, then with Algorithm 1,r

converges tor∗ (the optimal dual variables of problem (7))
with probability 1.
As noted before, the proof of Lemma 3 uses stochastic
approximation, and is similar to that of Theorem 3.1 in [8],
but with more intricacies. The complete proof is given in
[13].

To conclude, with Algorithm 1,r converges tor∗ such that
sk(r∗) > λk, ∀k. Then the rate stability is proved in [13].
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