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Abstract

We provide linear approximations to the marginal distributions for a class
of infinite-state continuous-time stationary Markov chains in slowly varying
environents. We take an approach motivated by light-traffic approximations
to stationary point processes, which permits us to consider general stationary
environments. Under mild assumptions we show that Jackson networks with
routing not affected by the environment, belong to this framework.
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1. Introduction

We consider approximations to the stationary distribution of a Markov chain, whose
transition matrix is controlled by a piecewise constant process, henceforth called the
environment, only assumed to be stationary. The problem is motivated by the pres-
ence of variations in channel quality and traffic demand in communication networks.
In general, the computation of this distribution is not tractable and one resorts to
simulation. Even in the case of a Markovian environment, where simulation is not
necessary, the solution of a large number of equations can be undesirable. (Note
that certain simple cases can be solved very efficiently, as in [2].) When environment
transitions are rare, Taylor-like expansions around the time-scale separation case are

possible under Markovian assumptions. Singular perturbation analysis (see [8, 11] and
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references therein) is one such approach, where tools there are algebraic. Also, analytic
methods have been applied as in [4]. These do not apply in the non-Markovian case.

Here, we consider a framework inspired by light-traffic approximations ([5, 6])
and weak convergence instead, in computing the constant and first derivative terms.
Key to applying such tools is tightness and uniform convergence properties, which
are established by exploiting monotonicity inherent in specific models, and queueing
networks in particular. We use monotonicity of Jackson networks, and show that it
belongs to this framework.

As is commonly the case in light-traffic approximations, the first derivative is deter-
mined by what happens around a single jump. Hence, the approximations we obtain do
not depend on more detailed statistics of the environment, other that its transitions.
Thus, the approximations are the same as the ones given by a Markov model. It
is conceivable that higher-order terms in such an expansion can be obtained using
factorial moment expansions [6]. Also note that as we do not rely on uniformization,
transition rates are not required to be bounded as assumed in singular perturbation
methods (e.g., see [8]).

The main results of this paper are Theorems 1 and 2. Theorem 1 in section 2
provides an approximation framework for general Markov chains. In section 3 we show
that Jackson networks belong to this framework (Theorem 2). As a side result, we
establish existence of a stationary law for varying Jackson networks. Even though the
stability conditions are not necessary (see [7] for single queues), stronger conditions

are not needed in obtaining the approximations.

2. Approximation result

Consider a family of continuous-time Markov chains with countable state space ),
given by the transition matrices {Q*, x € X'} where X is a countable set. Assume each
Q® is positive recurrent and let 7% be the corresponding invariant distribution.

Assume a family of probability spaces ((2,F, P.),e > 0) exists, endowed with a
measure preserving flow § = (6%t € R). (For more details on flow compatibility and
the stationary framework for point processes, the reader is referred to [9].)

On (Q, F) the environment process X = (X;,t € R) is given, compatible with flow 6,
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taking values in X with right-continuous piecewise-constant paths P.-a.s. for all € > 0.
Assume the jump times —oco < ... < T 1 < Ty <0< T} < ... < 40 of Xy, form a
simple point process. Under P, these jumps have finite intensity A, and under P, the

jump times are dilated by €71, i.e.,

P((T_p,...,Ty) €A x...xA)=Pi((e T p,...,e ' T) €A, x ... x Ay),

for each € > 0,n = 0,1,..., and Borel sets (A,, : m = —n,...,n). The sequence of
values right after the jumps is not affected by €, i.e. P.(Xr, = @y, m = —n,...,n)
does not depend on e. Let PY be the Palm distribution (w.r.t. the jumps of X)
corresponding to P.. Also, with 7% we denote the o-field generated by X.

On the same space, a process Y = (Y;,t € R) is given compatible with 6, for which
under P, and conditionally on X it is a Markov chain with generator QX¢. That is,

for any f:Y — R with E.|f(Y,)| < oo for all u,

tes (V) — F(Ya) — / Q% (Y )du

is a martingale for all —0co < s < t < 0o, w.r.t. the filtration generated by FX and
(Y, :u <t) for all ¢, and w.r.t. P..

We will use multiple versions of QX* Markov chains started from different initial
states. These couple when they hit the same state and evolve according to g : X x Y X

R4 x © — Y, defined such that
(a) g(‘r’y707w):y7 g(x’g(x7y7t7w)78’0tw):g(m7y’t+s7w)7 vs’tz()?
(b) (t,w) — g(z,y,t,w) is a measurable stochastic process for all z,y.

(c) FX is independent of G, the o-field generated by (g(z,y,t,w),z € X,y € V,t >

0). (Intuitively, w is “noise” independent of X.)

(d) For all z,y, the process (t,w) — ¢g(z,y,t,w) is a Markov chain with generator
Q.
An example of such a function g is given in section 3.
We will compare Y with another process Z which corresponds to “ec = 0”. Before

we define Z, let us informally explain the idea behind this since it plays an important

role. At the jumps of X, e.g. at Ty, Z is independently started according to the
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invariant distribution that corresponds to the new state of the environment, i.e. 770

Between times Ty and T}, Z evolves according to the transition matrix QX7 . Hence, Z
behaves as Y with the difference that equilibrium is reached “instantaneously” by the
former. Notice that the marginal distribution of Z at stationarity, is the one which Y
is expected to converge to, as € | 0. If Z and Y are defined in an appropriate way then
they may couple before T7. Thus, E5(f(Yy) — f(Zp)) measures the “finite difference”
of the marginal distributions of Y between cases ¢ = § and € = 0.

We now define Z. Let V; = V50 6% € )Y be a right-continuous piecewise-constant
process whose jumps are those of X, where the r.v’s Vp,,4 € Z are conditionally
independent and each distributed according to 77, given FX. Let FV be the o-field

generated by V = (V4,t € R). Define,
Zi(w) = g(X1,, V1, —Tp,w) 0 0", tER.
Now fix any f : Y — R and consider the assumptions:
(A1) (P°(Yp € -),¢e > 0) is tight.
(A2) inf{t > 0|g(Xo, Yo, t,w) = g(Xo, Vo, t,w)} < 0o, Pl-as., Ve > 0.
(A3) Ec|f(Yo)| < o0, Ec|[f(Vo)] < oc.
(A4)

A4) There exist r.v. B for which

/OOO (0000 5. 1,2) = Flo(Xo, Vo, t)ldt < B and Himsup E2(B) < oo
(45) )
2| [ 1100, Wot.)  F(0(Xo. Vo tio)a] < o0,
where, conditionally on X ,, W 4 7XT-1 and independent of FX v FV v @G.
We will show the following:
Theorem 1. Under (A1)-(A5),
E(f(Y0)) = fO +efM +o(e), ase |0,

where

f(o) = E1(f(Zo)) Z P (X =2x) Z ™ (y)f(y)
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FIGURE 1: The argument behind the approximation in Theorem 1 based on comparison of
sample paths of Y (solid) and Z (dashed line). In the lower part, the jump times of X are
dilated by ¢~ 1.

Remark 1. The term f(© can be computed in terms of the deviation matrix of a
Markov chain [13], which is given as a solution to a matrix equation. In certain cases,
most notably the M/M/1 queue, explicit formulas exist [12] (see the example following
Theorem 2).

Remark 2. Functions f : X x ) — R can be handled as well, without changing the

proofs.

Remark 3. In the case that (X,Y) is a Markov chain, (A1) is equivalent to tightness

of the time-stationary marginals. This fact is shown in appendix A.

Remark 4. The idea behind the approximation in Theorem 1 is the following. Assume
that (X,Y) are ergodic processes even though this is not needed in the proof. Compute
the “finite difference” (E.(f(Yo)) — Ec(f(Zo)))/€ using the mean-cycle formula over the
jumps of X. The difference is equal to the difference accumulated during a typical cycle,

i.e.

E(f(Y0)) = E(f(Z)) _ AE? </0 ) — f(Zt)]dt> : (1)

€

This is a function of the sample paths of Y and Z between times Ty and T;. Now,

consider dilations of the jump times of X by e !

as depicted in Figure 2. The
assumption on tightness, (A1), ensures that Y; and Z; are not far apart at the beginning
of each cycle. So in Figure 2 at T_1, the difference of Y; and Z; does not grow as € is

decreased. If € > 0 is sufficiently small then Y; and Z; have ample time to couple by
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time 0, as it happens in the lower part of the figure. Indeed, (A2) will guarantee that
coupling occurs during sufficiently long cycles. Hence Y} is approximately distributed
as mX0-. Now, since e 'T} — 400 we expect the RHS of (1) to converge to f(). This
is valid as long as the limit can be exchanged with the expectation. This is justified

by dominated convergence, which applies because of assumptions (A4) and (A5).

Proof. By (A3), the Palm inversion formula (see [9]) gives,

E(f(Yo) = f(Zo))

€

— AEY /0 (V) — £(Z0))dt

Since E.(f(Zy)) = f©, to prove the theorem it suffices to show that the limit, as € | 0,
of the RHS is f(1).

First we show P°[Yy € -|Xo_,Xo] — 7% (:) as ¢ | 0, PP-as. . Since P?o
(X_0,X0)"! does not depend on e, tightness of (P°[(Yy,T1) € |X_o = z,X0 =
2'],e > 0) and (P°[(Yo,T1) € +|Xo = z, X1, = 2'],e > 0), for each z,2’ with
PY%(Xy = x, X1, = ') > 0, follows. (These are distributions on Z; x (Ry U {cc}),
where Ry U{oo} is equipped with the Borel o-field of the one-point compactification.)
Since X is countable, by diagonalization we can extract a subsequence € | 0 such that
P2 [(Yo,Th) € | Xo—, Xo] — vX0=X0(-) X b5, as k — oo, P{-a.s., where d is the point-

mass at co. We will show that vXo—Xo = 7Xo

—. Take any subsequence of (ex) (which
we denote it again by (¢)) for which the limit pX0:X71 x 5. (+) of P°[(Yo, T1) € +| X0, X1,]
converges PP-a.s. . Now, take r.v’s (Y€, Tf),e > 0) on P; (perhaps when enlarged),
satisfying PP[(Y€, T¥) € | Xo, X1,] = P°[(Yo,T1) € -| X0, X1,] PP-a.s., and whose Py-
a.s. limit (Y°, 00), as € | 0, is distributed according to uX°*71 x d,. Moreover, (Y€, T¥)

is taken to be conditionally independent of FV v G given X,. Hence,
Peo[g(XOa YO»Tlvw) € '|X07XT1] = PP[Q(XO; YEleeaw) € '|X07XT1] . (2)

Now, from (A2), g(Xo,Y?, Tf,w) = g(Xo, Vo, Tf,w), for small enough €. Since Y¢ —
Y0, we have g(Xo, Y€, Tf,w) = g(Xo,Y°, Tf,w) for small € > 0. Combining with (2)
this yields,

P2[g(Xo, Yo, Th,w) € | Xo, X1,] — PPlg(Xo, Vo, T, w)| X0, X1,] = 0,  P-as.,

so, the limit of the first term on the LHS is 7%° by the conditional independence of V;
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and G given X;. Notice that

P2(g(Xo, Yo, T1,w) € -| Xo, X1,] 0 07+ = PO[Y; € | Xo_, Xo],

so (2) implies vXo—Xo = gXo-

Redefine (Y€, T¥) such that it again has PP-a.s. limit (Y, 00), and PP[(Y¢,T¥) €
| Xo—, Xo] = P2[(Yo,T1) € | Xo—, Xo], and (Y€, T¥) is conditionally independent of
FV VG given Xo_. Now by (A2),

Ty
| a0, Y ) = Flo(Xo Vot —

el0
/Ooo[f(g(X07Y0at7w)) - f(g(X07 ‘/Ovtaw))]dt <00, PIO—a.S. .

(A4) implies that the sequence of r.v’s on the LHS is uniformly integrable, so together
with (A5) imply that the limit under EY exists and equals f™) /.

3. Application to queues

Here, we show that Jackson networks with varying arrival and service rates can be
put in the framework of the previous section.

Let J > 1, and X be as in the previous section. On state z of the environment,
Y = (Yi(i),i = 1,...,J,t € R) is a J-station open Jackson network with external
arrival rates (A(z)Ro1,. .., A\(X)Ros)T for some (Ry;,i = 1,...,J) =: Ry. with Ro; >
0, Zile Ro; = 1, service rates pu(x) := (u1(x),...,us(x)), and a J x J routing matrix
R = (Rij,i,j € {1,...,J}). In other words, for any f : Z{ — R, the generator Q° is
given by

J

Q"f(y) = > _ A@)Roi(f(y + ) — f(y))

i=1

JoJ
+ Y @)Uy > )Ry (f(y — e+ ¢5) — f(y)) (3)

=1 j=1
J

+) 1y > 0)pi(x) Rio(f (y — e3) — f())
i=1

where R is a stochastic matrix such that I — R is non-singular, and e; is the vector
with zero elements except a 1 in the i-th coordinate. The vector of arrival rates at

each node is given by a(z) = A(x)(I — RT)"!R,..
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We now define the processes g(x,y,t,w). For any i € {1,...,J},7 € {0,...,J}, let
Ng;; N be Poisson processes with intensities A(x)Ro; and p;(z) R;j, respectively, such
that (Ng;, N5li € {1,...,J},j €{0,...,J}) are independent. Define g(z,y,t,w) to be
the solution of the SDE

Ui(t) = yi + Ng;(t) +Z/ {U;(s—) > 0}N7;(ds) Z/ {U;(s—) > O}NJ(ds) ,
i=1,....,J, wrt. (U(t),t > 0).

We will consider the assumptions,

(B1) p; :=sup, a;(x)/ui(x) < 1 for all i,

(B2) inf, p;(x) > 0 for all ¢, and inf, A(z) > 0,
and show the following

Theorem 2. Suppose (B1)-(B2) hold. Then,
(a) (X,Y) possesses a stationary law, for each € > 0.

(b) (A1)-(A5) are satisfied, and therefore P.(Yy = y) can be approzimated using

Theorem 1.

(Notice that in part (b), we invoke Theorem 1 for f(Yy) = 1{Yy = y}, where y € J.)

Remark 5. Assumption (B2) regarding the service rates can be weakened by putting
restrictions on X. What is necessary is that equations (4)-(6) below, possess a unique

solution.

Example.[M/M/1 queue] Here, J = 1 and 7% (y) = p(x)(1—p(x))Y. Using the formula

in [12] for the deviation matrix of an M/M/1 queue, we have

P.(Yy=y) = ZPlXo—a: (+e/\ZP1XO_—xXo—:E)

z:ﬂ'””(i)pj7 O —(ity—Dr (y)—|—0(e), ase| 0.

p(') = A(z)
In sections 3.2 and 3.3, parts (i) and (ii) are proved, respectively. Specifically, in
section 3.2 we construct a stationary version of (X,Y). To do this we compare Y with

the queue lengths Y of another Jackson network with service speeds fi(z) < u(z) for all
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x. Y is constructed by applying a time-change to a non-varying Jackson network. The
existence of a stationary version for the latter is established in [3]. In section 3.3, again
key is the comparison with Y. The fact that the marginal distribution of ¥ does not
depend on € and the monotonicity of g(x,y,t,w) in y € Y, reduce the proofs of (A4)
and (Ab) into showing that the mean residual busy period of some non-varying Jackson
network is finite. This follows from the fact that in Jackson networks, recurrence times

possess finite moments of all orders (see [14] and Theorem 15.0.1 in [15]).

In the next section we review the concept of an Euler network from Baccelli and
Foss [3] modified to allow for variable service speeds. This is used for establishing the

monotonicity properties in sections 3.2 and 3.3.

3.1. Preliminaries

We follow the construction in [3] allowing for variable service speeds. A tuple ¥ =

(N,t,0,r, 1) is an Euler network (see [3]) when

t=(t(1),...,t(N)), N > 1 is a sequence of non-decreasing real numbers.

o= (o;n) Ry, i=1,....J;n =0,...,d;), for some d; > 0. We call o, the

service sequence, and o;(n) is interpreted as the job size of the n-th customer

served by station ¢ > 1.

o r = (ri(n) € {0,...,J}, i =0,...,J,n = 0,...,d;) for the d;’s above. r is
called the switching sequence, and r;(n) is interpreted as the station that the
n-th serviced customer from station ¢ jumps to.

o u=(u(t) eRy, i €{1,...,J},t>0) with inf; p;(¢) > 0. u;(t) is interpreted as
the instantaneous server speed at the i-th station.

e Under the above interpretations of ¢, o, r, i, the number of arrivals and departures

from station ¢ both equal d;.

By Theorem 8 in [3], for such ¥, the number of arrivals and departures from station ¢

is determined by r, N alone.
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Given 3, the set of departure times D = (D;(n),j = 1,...,J;n = 1,...,d;) is

determined by the equations

Do(n)=t,, 1<n<N, (1)
Dj(n)

/ pi(t)ds=oi(n), j=1,...,J, (5)
Sj(n)

S;j(n) :=max(D;j(n—1), min ( max D;(n;;(n:))), 7=0,...,J, (6)

no+...+ng=n ¢=0,...,J

where

ni’j(n):inf{di2m21|21{n(p):j}:n}, i,7=0,...,J,

p=1

is the minimum number of service completions at station ¢ such that n of them are
routed to j. The assumption infy u;(t) > 0 is made so that (4)-(6) always have a unique
solution. (For more on evaluating (4)-(6) inductively, see [10].) We will sometimes
write d;(X), D(X) = (D;(%,n),j =1,...,J,n=1,...,d;(X)),S;(X,n) to emphasize
the dependence on X.

Define the time to empty after the last arrival max;—; . jmax,—1, .4, Di(n)—tn =:

i

Z(%), and the size of queue j at time s by

J d; d;
Qi(,5) =D Y UDi(n) < s, mi(n) =35} — > 1{D;(n) < s}.
1=0 n=1 n=1

Lemma 1. Let ©% = (N,t* o,7, u*),k = 1,2 be two Euler networks with pu* > u?,
t! <t2. Then, D(X') < D(%?).

Proof. Follows directly by applying induction to (4)-(6).

Before obtaining the important monotonicity property of Lemma 2, we need the

concept of composition from [3]. The composition X := (N, t, 0,7, u) = L1 + %2, where
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Yk = (Nk ¢tk % rk n), k = 1,2 satisfying t*(N1) < t2(1), is defined as follows:

N =N'+N?

t=(t'(1),...,t"(NY), 2(1),...,t3(N?))

() = ri(n) 1<n<d;(%Y)

Z T2(n — di(El)) di(El) <1< di(El) + di(EQ)
ol(n 1<n<d;(X?
o Lot << (s

0’12(71 — dl(El)) di(Zl) <1< dz(El) + dz(22>

By Theorem 9 in [3], d;(X) = d;(X') + d;(2?) which follows from the fact that the
number of arrival and departures equals d;(X"), regardless of the timing information

in t, 0. This also implies that composition is associative.
Lemma 2. Z(Z! +32) > Z(X2).

Proof. Define ¥1(A) = (N, (#*(n) — A,n =1,...,NY), o, 7l p), for A > 0. By
(5),

Di(S (&), m) < 20
i = 0, ()

for n, 4 such that all quantities are defined. Since no more than Zgzl di(21) induction

+ Sl(zl(A)7n) )

steps of (5)-(6) are needed in evaluating S;(31(A), n), we get

J 1
o;(n)
D;(ZY(A),n) — (tH(NY) —A) < dp(2Y) max —I——_ |
(X(A),n) = (E(N7) )_; k( )jzl,..,,Jmftuj(t)
with the LHS not depending on A. Since inf; p;(t) > 0 for all i, we can have Z(X1(A))+
tH(N') — A < t2(1) for some large enough A. For such A, Z(XH(A) + X2) = Z(X2?),
so by Lemma 1, Z(X?) < Z(X! + ¥2)

We will need one more definition; that of a time-changed Euler network. Let 7 :
R — R be a strictly increasing bijection. For an Euler network ¥ = (N,t, 0,7, u),
define 7% = (N,7(t),0,7r,v), where v(s) = u(r=1(s))/7'(r71(s)) for all s € R and
7'(+) is the derivative of 7(-). (Notice that v is defined Lebesgue-a.e. .) It is immediate

from (4)-(6) that the following holds.

Lemma 3. D(7X) = 7(D(X)), Q(X,s) = Q(73,7(s)) for all s € R.
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3.2. Proof of Theorem 2(a)

Let (t(k),k € Z) be a Poisson process with stochastic intensity A(X;) conditional
on FX. For each k € Z, let r* be a switching sequence generated by a random
path in the Jackson network, with probabilities given by the routing matrix (R;;).
Moreover, for each such 7%, let ¢ be the associated service sequence, such that the
af(n)’s are i.i.d. exponential r.v. with mean one, and independent of everything else.
Let XF := (1,{t(k)}, 0", % u(X))), ¥ = (1,{t(k)},o", r* (X)) for k € Z. For
k,m € Z U {—o0,+oc}, with m > k, we write X" := X% + ... + ¥™ and similarly for
f]}c”. Also, consider the time-change

R > s~ 7(s) =inf {v eR|s = /U 1/>\(Xu)du} .

0

By (B2), this is bijective, so Lemma 3 can be applied.

Since ji(X,) < u(X,) for all s € R, by Lemma 1 we have D(X?) > D(X9) for all
kE < 0. This and Lemma 2 yields Z(X° ) > Z(x%_). Now, let N,,s € R be the
counting process of points (t(k),k € Z), (ie., Ny = >, 1{s < t(k) <0}, for s <0).
Then, say if 52,51 € R, 59 < 51 <0,

77 (s2)
/ AX,)dt

51

E[NT_l(Sz)pij,l(sl) VFX|=E

FNi va] ,

where FX is the filtration generated by histories of N from time u < 0 to +oc. But
by the definition of 7,

7 (s2)
/ AMXy)du =s9 —s1, Vs1,82,80 <1 <0.

s1
Therefore, (7(t(k)), k € Z) are the jump times of a Poisson process with unit intensity.
Notice also, that fi;(77(s)) /7" (t7(s)) = p; el (I—RT)~'R] . Hence, 7% corresponds
to a Jackson network with constant arrival and service rates. Notice that the arrival
rate el (I — RT)~'RI" at queue 1, is less than the service rate, so Z (7™, ) < 7(t(m +
1)) — 7(t(m)) for some m < 0 (see [3]). By Lemmas 3 and 2, this implies Z (2™, ) <
t(m + 1) — t(m), i.e., the network empties before the m + 1-st arrival. Therefore,
Z(xm) < t(m+ 1) — t(m) and Q(X%.,0) := Q(XY,1,0) is well-defined. Now,
Y(t) = Q(X°,0) 08, € R defines a (P,6)-compatible process, for which it is
straightforward to show that conditionally on F*X, it is a Markov chain with generator

given by (3) on {X; = «}.
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3.3. Proof of Theorem 2(b)

Let m be as in the proof of part (a). Since D(29,,;) < D(X9, ), we have

J
S23() < 3@ 0) ™
i=1

<

But Q;(2%,,1,0) = Qi(7%,,1,0) is a geometric r.v. with mean 1/(1 — j;) as the
invariant queue length in a Jackson network. This implies that (P°(Yy(i) € -),€ > 0)
is tight. Also (A3) is satisfied.

Let y? := (y%,...,y2%) > (y1,...,y}) =: y' be vectors with nonnegative components,
and consider the processes t — (g(z,y*,t,w), k = 1,2) defined in the beginning of this
section. Say g(z,y?,s,w) > g(z,y!,s,w) for all 0 < s < t, and at t one of the two
processes jumps. Then, if g;(z,y? t,w) jumps downwards then so does g;(z,y,t,w)
provided it is nonzero. If g;(x,y', ¢, w) jumps upwards then so does g;(z,y?, t,w) since,
in the case of a non-external arrival the upstream queue i will have g;(z,y?, t—, w) >
gi(z,y', t—,w) > 0. Hence, g(z,y? t,w) > g(x,y*,t,w) for all t > 0. This implies that
(A2) holds.

It remains to show (A4), (A5). By the monotonicity above,

| 1000, Yo, ) = 4} = 1{g(Xo, Vo, ) = )t

0
< inf{t > 0|g(Xo, Yo, t,w) = g(Xo, Vo, t,w) = 0}
< 1nf{t > O|g(X0,Y0 V V(),t,a)) = 0} .

By (7), and the definition of Vg, >, (Yo(3) V Vo (i) < Zz L Q7 k=1,2 for some i.i.d.
Q', Q? each distributed as the RHS in (7). Thus, the 1ntegral above is bounded by

J J

inf < ¢ > 0]g(Xo, (ZQ} Y Qf) Zej,t,w) =0, =DB.

i=1 j=1

Now, on the same probability space we can define independent geometric r.v’s
(Ziyi=1,...,J), each with mean 1/(1 — p;) > 0, such that

SN QIvQi <Lz, Plas (8)

on aset {d, Q! vQ? > M}, where M is a finite constant. This is because the LHS of
(8) has a geometric tail which can be dominated by the tail of the RHS for py,...,p;
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close enough to 1. Thus,

J
EY(B) < E{(inf{t > 0[g(Xo, M Y e;,t,w) = 0})

j=1

+ EY(inf{t > 0|g9(Xo, (Z1, ..., Z))", t,w) = 0}) .

To show that this is finite, it suffices to do it for the second term which we compare
with the time to empty for an alternative Jackson network, when started with the
invariant distribution.

Let fi(x) = ai(x)/p; for all i, and B(k) = (1,t(k), o, r* i),k € Z. Now 73
corresponds to a Jackson network with unit arrival rate and service rate piel (I —

RT)Y"IRT at station i, so Q(2° ,0) = Q(r%°_,0) 4 (Z1,...,Z7)T. Let n(t) =

—00?

max{m € Zlm < t}. Now,

EY(inf{t > 0|g(Xo, (Z1, ..., Zs)", t,w) = 0})
— E0(inf{t > 0|Q(3° . + 37) = 0})

< EV(inf{t > 0|Q(="", ) = 0})

1 S (t
< k() P (r(inf{t > 01Q(="Y 1) = 0}))
= mE%nf{t > 0Q(r2Y 1) = 0})) < o0,

since this is the mean time to hit the empty state, starting from the invariant distri-
bution. This shows that (A4) is satified. Since W <y Q', where W is as in Theorem

1, the same arguments show that (A5) holds as well.

Appendix A.

We show the following statement: if X is a Markov chain then (A1) is equivalent to

tightness of (P.(Yp € -),e > 0).

Proof. Let q(X;) be the instantaneous rate of jumps for X at time ¢. Since the
marginal distribution of X does not depend on the parameter ¢, if (P.(Yy € -),e > 0)
is tight, it follows that (P.[Yy € <|Xo = ], € > 0) is tight.

For fixed @« > 0 and any z, let F, C X be finite and such that inf.so P.[Yy €
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F,| Xy = z] > 1—a. Now, for fixed arbitrary 5 > 0 let D be a finite set in X" such that
E[g(Xo)1{Xo € D}] > (1 - B)E.(q(X0)), for all ¢ >0

(because of the assumption that the marginal distribution of X does not depend on

e > 0), and define F := UyepF,. Then by Papangelou’s formula (see [9]),

E[1{Yo € F}q(Xo)]

0 _

P e F) = = (X))
> E [P Yo € F|Xo_]q(Xo-)1{Xo_ € D}]
o Ee(q(XO))

>(1—-a)(1—-p), foranye>0,

where we have used the observation that X,Y have no simultaneous jumps (P. and
PY as.).

Since a, 8 were arbitrary, tightness of the LHS follows.
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